Internal Spin Control, Squeezing and Decoherence in Ensembles of Alkali
  Atomic Spins by Norris, Leigh M.
Internal Spin Control, Squeezing and
Decoherence in Ensembles of Alkali
Atomic Spins
by
Leigh Morgan Norris
B.A., Carleton College, 2007
DISSERTATION
Submitted in Partial Fulfillment of the
Requirements for the Degree of
Doctor of Philosophy
Physics
The University of New Mexico
Albuquerque, New Mexico
December 2014
ar
X
iv
:1
41
0.
00
89
v1
  [
qu
an
t-p
h]
  1
 O
ct 
20
14
iii
c©2018, Leigh Morgan Norris
iv
Dedication
To my parents and grandparents
vAcknowledgments
First and foremost, I would like to thank my advisor Ivan Deutsch. Ivan has been
a wonderful teacher and mentor, and has made a substantial contribution to my
research. I would also like to thank my collaborators Ben Baragiola, Collin Trail, Poul
Jessen, Enrique Montan˜o and Pascal Mickelson. The material in this dissertation is
the combined effort of many people. Before beginning graduate school at UNM, I was
fortunate enough to take quantum mechanics with Arjendu Pattanayak at Carleton
College. I would like to thank Arjendu for introducing me to quantum information
and giving me the opportunity to work for him the summer after my junior year,
during which I learned a great deal. I would also like to thank my professors at
UNM, in particular Carl Caves and Andrew Landahl for their quantum information
classes and Ivan Deutsch for his quantum mechanics and quantum optics classes. I
draw on material from these courses on a routine basis. Thanks to all of the CQuIC
graduate students and postdocs, especially the current and former members of the
Deutsch group, for exposing me to all sorts of topics in physics and for many engaging
discussions. Thanks also to the Jessen group for explaining to me how experiments
work and showing me how theories actually apply in the lab. Thank you to Vicky
Bird and Alisa Gibson for helping me navigate the bureaucracy of graduate school
and for their cheerfulness and patience.
Thank you to Tom for his support during my time in graduate school. I must
also thank my good friends no longer at UNM, Krittika and Laura. Krittika was my
trusty comrade at many a conference and retreat. We remained united even after
getting lost in the woods of Northern Arizona and in the foothills of Boulder. Thanks
to Laura for being my friend and always providing a sympathetic ear.
Thank you to my parents and sister for being there for me when I’ve lived over
a thousand miles away. Some combination of my cousin Jonathan, my aunts Ann
and Meg and my mother Gwen has traveled all the way to New Mexico to visit
me every summer while I have been in graduate school. Thank you for the summer
adventures and the year-round support and friendship. Thanks also to my wonderful
grandparents for inspiring me and being interested in even the most boring things I
do.
vi
Internal Spin Control, Squeezing and
Decoherence in Ensembles of Alkali
Atomic Spins
by
Leigh Morgan Norris
B.A., Carleton College, 2007
Ph.D., Physics, University of New Mexico, 2018
Abstract
Large atomic ensembles interacting with light are one of the most promising plat-
forms for quantum information processing. In the past decade, novel applications for
these systems have emerged in quantum communication, quantum computing, and
metrology. Essential to all of these applications is the controllability of the atomic
ensemble, which is facilitated by a strong coupling between the atoms and light.
Non-classical spin squeezed states are a crucial step in attaining greater ensemble
control. The degree of entanglement present in these states, furthermore, serves as a
benchmark for the strength of the atom-light interaction. Outside the broader con-
text of quantum information processing with atomic ensembles, spin squeezed states
have applications in metrology, where their quantum correlations can be harnessed
to improve the precision of magnetometers and atomic clocks.
This dissertation focuses upon the production of spin squeezed states in large
ensembles of cold trapped alkali atoms interacting with optical fields. While most
treatments of spin squeezing consider only the case in which the ensemble is composed
vii
of two level systems or qubits, we utilize the entire ground manifold of an alkali atom
with hyperfine spin f ≥ 1/2, a qudit. Spin squeezing requires non-classical correla-
tions between the constituent atomic spins, which are generated through the atoms’
collective coupling to the light. Either through measurement or multiple interactions
with the atoms, the light mediates an entangling interaction that produces quantum
correlations.
The spin squeezing treated in this dissertation ultimately originates from the
coupling between the light and atoms. Conventional approaches of improving this
squeezing have focused on increasing the optical density of the ensemble. The greater
number of internal degrees of freedom and the controllability of the spin-f ground hy-
perfine manifold enable novel methods of enhancing squeezing. In particular, we find
that state preparation using control of the internal hyperfine spin increases the en-
tangling power of squeezing protocols when f > 1/2. Post-processing of the ensemble
using additional internal spin control converts this entanglement into metrologically
useful spin squeezing. By employing a variation of the Holstein-Primakoff approxi-
mation, in which the collective spin observables of the atomic ensemble are treated
as quadratures of a bosonic mode, we model entanglement generation, spin squeezing
and the effects of internal spin control.
The Holstein-Primakoff formalism also enables us to take into account the deco-
herence of the ensemble due to optical pumping. While most works ignore or treat
optical pumping phenomenologically, we employ a master equation derived from first
principles. Our analysis shows that state preparation and the hyperfine spin size have
a substantial impact upon both the generation of spin squeezing and the decoherence
of the ensemble. Through a numerical search, we determine state preparations that
enhance squeezing protocols while remaining robust to optical pumping.
Finally, most work on spin squeezing in atomic ensembles has treated the light as
a plane wave that couples identically to all atoms. In the final part of this disserta-
tion, we go beyond the customary plane wave approximation on the light and employ
viii
focused paraxial beams, which are more efficiently mode matched to the radiation
pattern of the atomic ensemble. The mathematical formalism and the internal spin
control techniques that we applied in the plane wave case are generalized to accom-
modate the non-homogeneous paraxial probe. We find the optimal geometries of the
atomic ensemble and the probe for mode matching and generation of spin squeezing.
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Introduction
Since the advent of quantum mechanics, the quantum nature of the interaction be-
tween light and atoms has been an active area of study. With the emergence of
quantum information science came novel applications for large atomic ensembles
interacting with light, so-called atom-light interfaces. For quantum information pro-
cessing and quantum communication, these systems can form networks with light
acting as a carrier of information and the ensemble acting as a quantum memory
or repeater [1, 2, 3, 4, 5]. Collective degrees of freedom of the atomic ensemble
are potential platforms for continuous variable quantum computing, in which light
is utilized to perform gates and operations [6]. Light can also mediate entangling
interactions between the atoms in the ensemble, creating non-classical spin squeezed
states for use in metrology [7, 8, 9, 10, 11, 12].
The controllability of the atomic ensemble is vital for all of these applications.
Quantum memories and repeaters require long coherence times that permit the stor-
age of information in the spin degrees of freedom without degradation. The ability
to create states that are non-Gaussian in the collective spin of the atomic ensemble
is essential for continuous variable quantum computing. Spin squeezed states re-
quire the generation of either interatomic entanglement or entanglement within the
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internal spin degrees of freedom of the atoms. In addition to having applications in
quantum information processing, control of large atomic ensembles is of interest in
fundamental physics. Creating non-classical spin states in mesoscopic systems can
shed light on poorly understood phenomena like the quantum-classical boundary and
many-body entanglement.
The ability to produce spin squeezed states is a critical benchmark in the effort
to control the collective spin of a large atomic ensemble. Spin squeezed states con-
tain quantum correlations that reduce the variance of a spin component below the
standard quantum limit (SQL). These correlations, which can be produced by en-
tanglement between the atoms in the ensemble, serve as a measure for the strength
of the collective control achievable in the atom-light interface. Beyond quantum con-
trol, spin squeezed states are of practical interest in metrology, where their quantum
correlations can be harnessed to improve the precision of atomic clocks [10, 13] and
magnetometers [14, 15].
1.1 Context of Dissertation
This dissertation studies the generation of spin squeezed states in large ensembles of
alkali atomic spins. While ensembles of alkali atoms figure prominently in experimen-
tal demonstrations and theoretical investigations of spin squeezing [7, 8, 9, 10, 11, 12],
this dissertation focuses on a property of alkali atoms seldom studied in the context
of spin squeezing, control over the internal hyperfine ground spin. Ensembles of
alkalis are unique platforms in that the spin of the hyperfine ground state is fully
controllable [16, 17]. We seek to integrate control over the internal spins of the
atoms that compose the ensemble with control over the collective spin. Squeezing
of the collective spin and interatomic entanglement are generated by the Faraday
interaction, which couples the collective spin to the polarization of the light. As we
demonstrate in this dissertation, control over the internal spins of the alkalis has a
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surprising impact on both the strength of the Faraday interaction and the genera-
tion of the interatomic entanglement that contributes to spin squeezing. Specifically,
we find that by preparing the internal spins in a state with large projection noise
variance, we can maximize the resolution of the collective spin in a measurement
mediated by the light. This increases the measurement backaction on the ensemble,
a signature of the enhanced entanglement generation between the atoms. Through
the application of subsequent control on the internal spins, this entanglement can
be converted into metrologically useful spin squeezing. Although spin squeezing is
a phenomenon involving the collective spin of the atomic ensemble, it is enhanced
substantially by control over the internal spin.
Much of the work on spin squeezing in both alkali ensembles and other platforms
has focused on the case in which the ensemble is composed of two-level systems or
“qubits”. In an ensemble of alkalis, this corresponds to a hyperfine spin quantum
number of f = 1/2. This dissertation places particular emphasis on ensembles where
the alkali atomic spins are “qudits”, i.e. f ≥ 1/2. The higher spin case is especially
interesting from the perspective of internal spin control because of the greater num-
ber of internal degrees of freedom. Whereas for f = 1/2 spin squeezing is achieved
solely by the generation of interatomic entanglement, when f > 1/2 entanglement
between the internal degrees of freedom creates squeezing of the internal spin. In-
ternal spin squeezing can be combined with interatomic entanglement when f > 1/2
for a substantial enhancement in the overall squeezing of the ensemble.
Optical pumping due to spontaneous emission is the most significant source of
decoherence in the atomic ensemble. In most previous work on spin squeezing, optical
pumping is treated phenomenologically. We study the effects of optical pumping in
the ensemble using a master equation derived from first principles in Ref. [18].
This treatment of optical pumping reveals a variety of interesting effects. Most
relevant to our study is the substantial role played by the spin size, f , in the decay
of spin squeezing due to optical pumping. Many of the optical pumping processes
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that damage spin squeezing are suppressed for larger f . Furthermore, “transfers of
coherence” that occur only when f > 1/2 increase the robustness of interatomic
entanglement. Even without internal spin squeezing, we find that alkali atoms with
f > 1/2 generate more squeezing than those with f = 1/2 because they are less
susceptible to decoherence.
Theoretical models of spin squeezing in large atomic ensembles often treat the
light that couples to the atoms as a plane wave. In experimental implementations of
squeezing, employing plane-like waves is undesirable because they are poorly mode
matched to the radiation pattern of the ensemble. The coupling between the light
and the ensemble is enhanced by utilizing paraxial beams that match the paraxial
radiation emitted by a spatially extended atomic ensemble. In this dissertation, we
analyze the spin squeezing produced by a quantum nondemolition (QND) measure-
ment of the ensemble’s collective spin mediated by a paraxial beam, rather than a
plane wave. Because the intensity of the paraxial beam is spatially varying, mode
matching, spin squeezing and optical pumping are influenced by the geometries of
the probe and the atomic ensemble. We the find optimal geometries of the ensemble
and probe for both mode matching and spin squeezing in the presence of optical
pumping. To our knowledge, this is the first treatment of optical pumping in a
three-dimensional, inhomogeneous atom-light interface.
1.2 Summary of Dissertation
The remainder of this dissertation is organized as follows. Chapter 2 introduces spin
squeezing and defines several important concepts, such as the collective spin and the
standard quantum limit (SQL). We analyze the entanglement and quantum correla-
tions that produce spin squeezing. Also discussed is the use of spin squeezed states in
metrological applications, such as magnetometry. Special emphasis is placed on the
role of the ensemble’s mean spin in metrological applications, where it increases the
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resolvability of measurement outcomes. We examine several methods of quantifying
spin squeezing and introduce the Wineland squeezing parameter as a measure of spin
squeezing and metrological usefulness.
Chapter 3 examines the interaction between the light and the atomic ensemble
in detail. From the AC-Stark Hamiltonian that couples the atomic spins and the po-
larization of the light, we derive the Faraday interaction. We show that the Faraday
interaction creates entanglement between the light and ensemble that is enhanced
when the ensemble is prepared in a state with large projection noise variance. The
Holstein-Primakoff approximation on the light and the multilevel Holstein-Primakoff
approximation on the atoms enable us to treat the combined system of the light
and ensemble as a multimode Gaussian state on two effective modes. We outline
properties of Gaussian states that are useful for modeling the dynamics of the light
and ensemble, including the covariance matrix update formalism.
In Chapter 4, we introduce protocols that utilize the Faraday interaction to create
spin squeezing in the atomic ensemble. In all of these protocols, the light mediates
a nonlinear interaction in the ensemble’s collective spin that creates interatomic en-
tanglement. The strength of this interaction ultimately depends upon the initial
entanglement between the light and atoms. The evolution of the light and ensem-
ble under each protocol is modeled using the covariance matrix update formalism.
Through this formalism, we show that the protocols create squeezing of a quadrature
in a phase plane defined by the multilevel Holstein-Primakoff approximation. While
this quadrature squeezing does not necessarily imply spin squeezing, it scales mono-
tonically with interatomic entanglement. Through control over the internal spins
of the atoms, we show how this entanglement is converted to metrologically rele-
vant spin squeezing. Additional control can squeeze the internal spins of the atoms,
further enhancing spin squeezing.
Chapter 5 introduces the primary source of decoherence in the system, optical
pumping due to the spontaneous scattering of photons. Optical pumping, as we
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demonstrate, damages spin squeezing by destroying beneficial interatomic entangle-
ment, increasing the collective spin variance and causing the mean spin to decay.
Some of these damaging effects can be offset by internal spin control. The extent to
which optical pumping damages spin squeezing depends substantially on the initial
state preparation of the ensemble. We outline specific properties of state prepa-
rations that determine the ensemble’s susceptibility to decoherence. For particular
state preparations and for f > 1/2, “transfers of coherence” can preserve interatomic
entanglement in the presence of optical pumping.
Chapter 6 explores the dynamics of the ensemble and light as the system under-
goes both squeezing interactions and decoherence due to optical pumping. Whereas
we previously made the multilevel Holstein-Primakoff approximation on the ensem-
ble by treating each atom as a qubit embedded in the higher dimensional hyperfine
spin, preserving transfers of coherence requires that we treat the atoms as embedded
qutrits. We modify the multilevel Holstein-Primakoff approximation to accommo-
date the ensemble of embedded qutrits, which enables us to treat the ensemble as
a Gaussian state on two modes. The effects of optical pumping can be expressed
as an update on the covariance matrix of this Gaussian state, as can the coherent
squeezing dynamics. Using the covariance matrix update formalism, we conduct a
variety of numerical simulations to explore the influence of the spin size f and the
state preparation of the ensemble upon the achievable squeezing.
The state preparation of the ensemble has substantial influence on the coher-
ent generation of squeezing and upon decoherence of the ensemble due to optical
pumping. In Chapter 7, we use optimal control techniques to determine the state
preparations of the ensemble that maximize squeezing for multiple values of f . We
specialize to the case of squeezing by quantum nondemolition (QND) measurement,
which can be expressed in differential form. Each state preparation determines a
unique set of coupled differential equations that give the evolution of the ensemble
under both QND measurement and optical pumping. Utilizing a numerical search,
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we find the state preparations that maximize the spin squeezing determined by the
solution to these differential equations.
In Chapter 8, we extend our previous treatment of spin squeezing to a three-
dimensional atom-light interface. We model the light as a paraxial Gaussian beam,
which is more closely mode matched to the radiation pattern of the ensemble. The
inhomogenous nature of the light and ensemble necessitates the introduction of “spin
waves”, which are collective spin operators that take into account the non-uniform
coupling between the light and ensemble. QND measurement of a spin wave, in
addition to decoherence of the ensemble from optical pumping and scattering of the
light into transverse spatial modes outside of the probe, can be modeled through a
system of coupled differential equations. We solve for the geometries of the probe
and ensemble that maximize both spin squeezing and mode matching for f = 1/2
and f = 4.
Chapter 9 concludes the dissertation and discusses possible extensions of this
work.
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8Chapter 2
Spin Squeezing
Spin squeezed states contain quantum correlations that reduce the variance in a
component of the collective spin below the standard quantum limit. In the pages
that follow, we discuss precisely what is meant by the collective spin and the stan-
dard quantum limit. Additionally, we examine the interatomic entanglement and
the types of quantum correlations that lead to spin squeezing. Because producing
spin squeezed states is our focus, we introduce the Wineland squeezing parameter
as a means of quantifying the metrologically useful spin squeezing that we create.
The Wineland squeezing parameter is motivated by the application of spin squeezed
states in magnetometry. Through the squeezing parameter, we outline some of the
preliminary differences between generating spin squeezing in ensembles of “qudits”
versus ensembles of “qubits”.
2.1 Collective Spin
We study spin squeezing in a large ensemble of NA identical spins with quantum
number f . Each spin i in the ensemble has an angular momentum operator fˆ (i)
associated with its internal spin. Throughout this text, lowercase letters denote
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operators on the internal spins of the constituent spins that form the ensemble. We
seek to squeeze the collective spin of the ensemble, the components of which are the
summation of the components of the internal spins,
Fˆn =
NA∑
i=1
fˆ (i)n , (2.1)
where n ∈ {x, y, z}.
A state of the ensemble with particular significance in metrology is the spin
coherent state (SCS), the state in which all of the internal spins are polarized along
the same spatial direction. The SCS along x, for instance, is the eigenstate of Fˆx
with maximal spin eigenvalue,
|SCS(x) 〉 = | f, mx = f 〉⊗NA = |F = NAf, Mx = NAf 〉. (2.2)
While |SCS(x) 〉 has no variance in Fˆx, the variance of |SCS(x) 〉 in the collective
spin components orthogonal to x defines the standard quantum limit (SQL) of the
ensemble. For NA >> 1, the spin coherent state is approximately Gaussian dis-
tributed in the collective spin components orthogonal to x. Consider the projection
of |SCS(x) 〉 onto the eigenstates of Fˆz,
|SCS(x) 〉 = 1
2NAf
∑
Mz
√(
2NAf
NAf +Mz
)
|F = NAf, Mz 〉 (2.3)
≈ (piNAf)−1/4
∑
Mz
exp
(
− M
2
z
2NAf
)
|F = NAf, Mz 〉. (2.4)
The approximate equality in this expression arises from applying the central limit
theorem to the binomial distribution in Eq. (2.3). The probability of measuring the
ensemble in the Fˆz eigenstate |F = NAf,Mz 〉 is given by the Gaussian probability
density function
P (Mz) =
1√
piNAf
exp
(
− M
2
z
NAf
)
. (2.5)
The variance of P (Mz), ∆F
2
z = NAf/2, is the SQL, the smallest nonzero variance
possible without quantum correlations.
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2.2 Spin Squeezing
Spin squeezed states of the ensemble have quantum correlations either between the
constituent spins or between the internal degrees of freedom of the constituent spins,
permitting the variance of a collective spin component to fall below the SQL [13, 19].
For an ensemble symmetric under interchange of the constituent spins, this can be
seen through a decomposition of the collective spin variance in terms of the internal
spin components,
∆F 2z = NA(NA − 1)〈∆fˆ (i)z ∆fˆ (j)z 〉i 6=j +NA∆f 2z . (2.6)
The first term in Eq. (2.6) is proportional to the covariance between any two spins
in the ensemble, while the second term depends upon the variance of the internal
spin. For a spin coherent state of the ensemble along x, 〈∆fˆ (i)z ∆fˆ (j)z 〉i 6=j = 0 and
∆f 2z = f/2. Entanglement between the constituent spins can produce states with
〈∆fˆ (i)z ∆fˆ (j)z 〉i 6=j < 0, however, reducing the collective variance. Alternatively, ∆F 2z
can fall below the SQL if the variance of each internal spin is less than f/2 [20, 21].
Either or both of these mechanisms produce states that are “squeezed” in Fˆz, having
variance ∆F 2z ≤ NAf/2. For an ensemble state with
〈
Fˆx
〉
= NAf , the Heisenberg
uncertainty principle mandates that the orthogonal collective spin components satisfy
∆F 2y∆F
2
z ≥ (NAf/2)2. Therefore, a state squeezed in Fˆz must be “anti-squeezed” in
Fˆy, implying ∆F
2
y ≥ NAf/2.
2.3 Quantifying Spin Squeezing
Squeezed states were first proposed in the context of light [22, 23, 24]. Consider a
mode of an optical field where the phase space position and momentum quadratures
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are defined as
Xˆ =
1√
2
(
aˆ† + aˆ
)
and (2.7)
Pˆ =
i√
2
(
aˆ† − aˆ) . (2.8)
The standard quantum limit is set by the phase space variance of a spin coherent
state, given by ∆X2 = ∆P 2 = 1/2. A state is, thus, squeezed in the quadrature Xˆ if
∆X2 < 1/2. This squeezing is quantified by the “quadrature squeezing parameter”,
ζq = 2∆X
2. (2.9)
A state is squeezed when ζq < 1 with a smaller ζq indicating more squeezing.
We could easily define an analogous parameter for the ensemble, scaling linearly
with the variance of a collective spin component. For example, consider
ζ =
2
NAf
∆F 2z . (2.10)
While ζ < 1 does indicate spin squeezing, this parameter has no dependence on the
three dimensional structure of the collective spin. The three dimensional structure
of the collective spin, as we shall see, is critical in metrological applications for spin
squeezed states.
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Figure 2.1: (a) An atomic ensemble is prepared with the mean spin along x. (b)
A magnetic field along y of strength By causes the spin of the ensemble to rotate
about y by an angle φ. By measuring Fˆz, the rotation angle, φ, can be deter-
mined. The fundamental resolution is determined by the quantum uncertainty
of the spin projection (projection noise), shown here as an uncertainty patch.
Consider an example involving magnetometry. Suppose the ensemble is prepared
in an initial state with the mean collective spin aligned along x, i.e. Fˆ =
〈
Fˆx
〉
ex, as
depicted in Fig. 2.1 (a). If the ensemble is exposed to a magnetic field of unknown
strength in the y-direction, given by B = Byey, the collective spin will precess about
Fˆy. The precession angle, φ = γgBy∆t, is proportional to the field strength along y,
the gyromagnetic ratio γg and the interaction time ∆t. Our objective is to deduce the
field strength, By, by measuring φ. If φ is small, it can be determined by measuring
Fˆz, as
Fˆz =
〈
Fˆx
〉
sinφ. (2.11)
The variance of φ in the measurement of Fˆz is given by
∆φ2 =
∆F 2z〈
Fˆx
〉2 . (2.12)
It is natural that the angular resolution should depend on the variance of the mea-
sured spin component, ∆F 2z . The angular resolution also depends on the “mean
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spin”
〈
Fˆx
〉
, which explains why the three dimensional structure of the collective spin
is essential for metrology. The mean spin, which is always a component orthogonal
to the squeezed component, acts like a lever arm in the magnetometer, as shown
in Fig. 2.1. A larger mean spin makes the measured displacement in Fˆz larger and
more resolvable, leading to a more precise estimate of φ. A squeezing parameter that
takes into account the metrological usefulness of a squeezed state must depend on
the mean spin.
The previous example involving magnetometry is equivalent to Ramsey interfer-
ometry for atomic clocks when f = 1/2. In the context of Ramsey interferometry,
Wineland proposed a parameter that quantifies both squeezing and metrological use-
fulness [13]. The Wineland squeezing parameter is defined as
ζm =
(∆φ2)
(∆φ2)SCS
=
2NAf∆F
2
z
〈Fˆx〉2
. (2.13)
Here, (∆φ2)SCS is the angular resolution of a magnetometer that uses a spin coherent
state and (∆φ2) is the angular resolution of a magnetometer that uses the state we
wish to quantify. A state for which ζm < 1 improves the resolution of a magnetometer
over a an SCS. Because the maximal value of
〈
Fˆx
〉
is NAf , a state with ζm < 1 also
has ∆F 2z < SQL. A smaller variance combined with a still sizable mean spin make a
spin squeezed state metrologically useful. Fig. 2.2 compares a magnetometer using a
SCS and one using a squeezed state. From this point onward in the text, we consider
a squeezed state to be a state for which ζm < 1.
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Figure 2.2: Using an ensemble of spins to measure a magnetic field. (a) The
ensemble is prepared in a spin coherent state along the x-axis with with transverse
variance ∆F 2y,z = NAf/2. (b) After the ensemble is subjected to a magnetic field
along y, its mean spin rotates by an angle φ about y. The angle φ is deduced
by measuring Fˆz. The precision with which we can determine φ is, therefore,
proportional to ∆F 2z = NAf/2. (c) The ensemble is prepared in a state squeezed
in Fˆz, i.e. with ζm < 1, and a mean spin along the x-axis. (d) After being
subjected to a magnetic field along y, the mean spin of the ensemble rotates
by an angle φ about y. Our ability to resolve the angle φ is enhanced over (b)
because ∆F 2z < NAf/2.
2.4 Collective Spin Squeezing and f
The Wineland squeezing parameter sheds light on the relationship between collective
spin squeezing and the internal spin size, f . By substituting Eq. (2.6) and
〈
Fˆx
〉
=
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NA
〈
fˆx
〉
into Eq. (2.13), the squeezing parameter becomes
ζm =
2NA∆F
2
z〈
Fˆx
〉2 = 2NAf
〈
∆fˆ
(i)
z ∆fˆ
(j)
z
〉
i 6=j〈
fˆ
(i)
x
〉2 + ζ(i)m (2.14)
for NA >> 1. As before,
〈
∆fˆ
(i)
z ∆fˆ
(j)
z
〉
i 6=j is the covariance between any two different
spins in the ensemble. The last term on the right-hand side of this expression is the
value of the Wineland squeezing parameter for any single spin in the ensemble, given
by
ζ(i)m =
2f∆f
(i) 2
z〈
f
(i)
x
〉2 . (2.15)
Like the variance ∆F 2z , ζm can be reduced in two different ways. Entanglement
between the atoms creates negative correlations for which
〈
∆fˆ
(i)
z ∆fˆ
(j)
z
〉
i 6=j < 0. Al-
ternatively, the internal spins can be squeezed, causing ζ
(i)
m < 1. This latter option
exists only when f > 1/2, however, which we can demonstrate by calculating the
squeezing parameter of an arbitrary qubit.
Consider a f = 1/2 qubit in the state |ψ 〉 = cosθ| ↑ 〉+ eiφsinθ| ↓ 〉, where
| ↑ 〉 denotes | f = 1/2,mz = 1/2 〉 and | ↓ 〉 denotes | f = 1/2,mz = −1/2 〉. The
variance and mean spin of this state are ∆f 2z = cos
2θsin2θ and
〈
fˆx
〉
= cosθsinθcosφ,
respectively. The squeezing parameter of a single qubit is, therefore,
ζf=1/2m =
1
cos2φ
. (2.16)
Because the minimum value of ζ
f=1/2
m is 1, a qubit cannot be squeezed. Thus, entan-
glement is solely responsible for spin squeezing in an ensemble of spins with f = 1/2.
When f ≥ 1/2, on the other hand, both entanglement and squeezing of the internal
spin generate spin squeezing.
16
Chapter 3
Atom-Light Interface
Large atomic ensembles interacting with light or “atom-light interfaces” are plat-
forms for many spin squeezing protocols and experimental demonstrations of spin
squeezing [7, 8, 9, 10, 11, 12]. Typically, the correlations between the atomic spins
that create spin squeezing are generated through the atoms’ mutual coupling to the
light. In this chapter, we analyze the interaction between the light and atoms in de-
tail. In particular, we concentrate on the entanglement generated between the light
and ensemble, which is essential for creating spin squeezing. We also develop the
mathematical formalism necessary to model the effects of spin squeezing protocols
on the light and ensemble. By applying variations of the Holstein-Primakoff ap-
proximation, we greatly simplify the representation of the light and ensemble states
[25, 26]. This enables us to utilize the properties of Gaussian states to describe the
joint evolution of the light and ensemble.
3.1 The Faraday Interaction
We study spin squeezing in an ensemble composed of NA >> 1 alkali atoms. The
atoms, which are identically prepared in one of the ground hyperfine manifolds with
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spin f , interact with a probe laser far detuned from the D1 or D2 line, as depicted
in Fig. 3.1. For a probe with sufficiently large detuning, ∆, and weak intensity,
the excited hyperfine manifolds of the atoms can be adiabatically eliminated. The
resulting interaction couples the magnetic sublevels of the spin-f ground hyperfine
manifold to the polarization modes of the optical field. This is described by the
ac-Stark Hamiltonian, which can be decomposed into irreducible tensor components
as follows [18],
Hˆ =
~χ0
∆t
NA∑
i=1
[C(0)Sˆ0 + C
(1)fˆ (i)z Sˆ3 (3.1)
+ C(2)((fˆ (i)2x − fˆ (i)2y )Sˆ1/2− (3fˆ (i) 2z − fˆ (i) 2)Sˆ0/6 + (fˆ (i)x fˆ (i)y + fˆ (i)y fˆ (i)x )Sˆ2/2)],
where χ0 = (σ0Γ)/(2A∆), σ0 is the resonant cross section for unit oscillator strength,
Γ is the excited state linewidth, A is the cross sectional area of the probe and ∆t is
the interaction time. Here, the light’s direction of propagation is along z and Sˆ is
the quantized Stokes’ vector of the light with components
Sˆ0 =
1
2
(aˆ†xaˆx + aˆ
†
yaˆy) Sˆ1 =
1
2
(aˆ†xaˆx − aˆ†yaˆy) (3.2)
Sˆ2 =
1
2
(aˆ†xaˆy + aˆ
†
yaˆx) Sˆ3 =
1
2i
(aˆ†xaˆy − aˆ†yaˆx),
where x and y denote orthogonal linearly polarized modes. The Stokes’ components
1 through 3 are analogous to angular momentum operators, satisfying the su(2)
commutation relations, [Sˆi, Sˆj] = iijkSˆk.
The Hamiltonian in Eq. (3.1) is decomposed into scalar, vector and tensor terms
with coefficients C(0), C(1) and C(2), respectively. The scalar term shifts the atomic
energy levels by an amount proportional to the probe intensity. Because this shift is
independent of the atomic state, the scalar term has no influence on the dynamics
of the atom-light interface and can be discarded. The vector component, commonly
known as the Faraday interaction, couples the circular polarization of the probe
to the collective spin component in the direction of the light’s propagation. This
interaction generates atom-light entanglement, the crucial first step in many spin
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Figure 3.1: Energy levels of an alkali atom with nuclear spin i and ground hyper-
fine spins f+ and f−, both greater than 1/2. Atoms in the ensemble are prepared
in one of the ground hyperfine manifolds with spin f equal to f+ or f−. The
probe laser is detuned from the excited state hyperfine splitting of the D1 or D2
line. The spin quantum numbers of the excited hyperfine states are denoted f ′.
squeezing protocols. The tensor component, on the other hand, induces an undesir-
able birefringence on the light as well as nonlinear dynamics on the internal state of
the atomic spins [27]. The magnitudes of the constants C(K) determine the contri-
bution of each term to the dynamics. While the full form of the C(K) is given in [18],
for our purposes it suffices to know that each constant depends upon the detuning
with C(1) ∝ 1/∆ and C(2) ∝ 1/∆2 to leading order in 1/∆.
Although it is smaller than the vector component by an order of 1/∆, the tensor
term is not negligible over the time scale during which spin squeezing occurs. The
damaging birefringence effects of the tensor term are removed in the presence of a
large bias magnetic field along the direction of the light’s propagation [28]. This
averages to zero the coupling between the light and the atomic spin components
transverse to z. This effect is evident when we transform into a frame rotating
at the Larmor frequency of the bias, ΩB, via the unitary UˆB(t) = exp(−iΩBtFˆz).
The terms in the tensor component that depend upon the transverse internal spin
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components become
〈
Uˆ †B(t)fˆ
(i)2
x UˆB(t)
〉
t
= (fˆ (i)2x + fˆ
(i)2
y )/2 (3.3)〈
Uˆ †B(t)fˆ
(i)2
y UˆB(t)
〉
t
= (fˆ (i)2x + fˆ
(i)2
y )/2 (3.4)
and
〈
Uˆ †B(t)(fˆ
(i)
x fˆ
(i)
y + fˆ
(i)
y fˆ
(i)
x )UˆB(t)
〉
t
= 0, (3.5)
where
〈 · 〉
t
denotes a time average. Transformed into the rotating frame and time
averaged, the AC Stark Hamiltonian is
Hˆ =
~χ0
∆t
NA∑
i=1
[C(1)fˆ (i)z Sˆ3 − C(2)(3fˆ (i) 2z − fˆ (i) 2)Sˆ0/6]. (3.6)
The residual tensor component of the Hamiltonian nonlinearly couples the internal
spins of the atoms to the intensity of the probe. This coupling can, in principle, be
eliminated with the internal spin control techniques covered in Sec. 3.5. In practice,
one can also apply two probes detuned from the D1 and D2 lines to cancel the
residual tensor component without affecting the vector component [28].
After removing the tensor term, the Faraday interaction is the dominant contri-
bution to the Hamiltonian. We rewrite the Faraday Hamiltonian as
Hˆ =
~χ
∆t
Sˆ3Fˆz, (3.7)
where χ = gf (σ0/A)(Γ/6∆) is the Faraday rotation angle, gf is the Lande´ g-factor,
Γ is the linewidth of the transition, A is the beam area and σ0 = 3λ
2/2pi is the
resonant cross section for a unit oscillator strength. The Faraday interaction is
an effective spin-spin interaction that couples the polarization of the light to the
collective spin of the ensemble. The linear polarization of the light rotates by an
amount proportional to the z-component of the ensemble’s collective spin. Similarly,
the collective spin of the ensemble rotates about z by an amount proportional to
the light’s circular polarization, quantified by Sˆ3. Pictorially, these effects can be
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Figure 3.2: The Poincare´ sphere of the light (left) and the Bloch sphere of the
atomic ensemble (right). The x, y and z axes of the Poincare´ sphere represent
x/y linear polarization, diagonal/anti-diagonal linear polarization and right/left
circular polarization, respectively. The Faraday interaction, given by the Hamil-
tonian Hˆ = ~χSˆ3Fˆz/∆t, creates a rotation of the light’s linear polarization in the
Poincare´ sphere about Sˆ3 by an angle θL, which is proportional to the collective
spin Fˆz of the ensemble. The Faraday interaction generates a similar rotation of
the ensemble’s collective spin about Fˆz by an angle θA proportional to the light’s
circular polarization, quantified by Sˆ3.
represented as rotations in the Poincare´ and Bloch spheres as shown in Fig. 3.2.
Note that the Faraday rotation angle, χ, is proportional to the Lande´ g-factor, gf .
In the higher hyperfine ground manifold, the Lande´ g-factor is given by gf = f
−1,
while gf = (f + 1)
−1 in the lower manifold. As a consequence, the strength of the
Faraday interaction decreases with increasing f in both manifolds.
3.2 Entanglement and the Faraday Interaction
The most important aspect of the Faraday interaction in relation to spin squeezing
is the entanglement it generates between the light and the ensemble. Consider an
initial state of the ensemble that can be decomposed in terms of the collective spin
eigenstates of Fˆz as |ΦA 〉 =
∑NAf
Mz=−NAf C(Mz)|NAf,Mz 〉. For an initial state of the
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light |ΦL 〉, the Faraday interaction produces the entangled state
|ΦAL 〉= e−iχSˆ3Fˆz |ΦL 〉|ΦA 〉 =
NAf∑
Mz=−NAf
C(Mz)
(
e−iχSˆ3Mz |ΦL 〉
)
|NAf,Mz 〉. (3.8)
Each Fˆz eigenstate of the ensemble with eigenvalue Mz is coupled to a state of the
light that has been rotated about Sˆ3 by an angle proportional to Mz. Measuring the
rotation angle of the light provides information about the associated Fˆz eigenstate
of the ensemble and vice versa, an indicator of entanglement.
More quantitatively, the strength of the entanglement between the light and
atoms can be determined by calculating the purity of the reduced density operator
of the light after tracing out the ensemble. If the initial state of the ensemble con-
sists of NA >> 1 separable identically prepared atomic spins, it is approximately
Gaussian by the central limit theorem. The C(Mz) coefficients in |ΦA 〉 can, thus,
be written as C(Mz) = (2pi∆F
2
z )
−1/4exp(− M2z
4∆F 2z
). Consider an initial state of the
light |NL 〉x, where all photons are linearly polarized along x and NL is the num-
ber of photons in a pulse of time ∆t. We can take advantage of the su(2) algebra
of the Stokes’ components to write the initial state as an effective spin eigenstate
of Sˆ1, |ΦL 〉 = |NL/2,M1 = NL/2 〉. Here, the effective total angular momentum
is NL/2 and Mi denotes an eigenvalue of Sˆi. In the basis of eigenstates of Sˆ3,
|ΦL 〉 = (piNL/2)−1/4
∑NL/2
M3=−NL/2 exp
(
−M 23
NL
)
|NL/2,M3 〉, analogous to a spin co-
herent state. In the limit of continuous Mz, the reduced density operator of the light
is
ρˆL = TrA(|ΦAL 〉〈ΦAL |) (3.9)
=
NL/2∑
M3,M ′3=−NL/2
√
2
piNL
e
−M
2
3 +M
′2
3
NL e−
1
2
(M3−M ′3)2∆F 2z χ2 |NL/2,M3 〉〈NL/2,M ′3 |.
In the limit of continuous M3 and M
′
3, the purity is
Tr(ρ2L) =
1√
1 + χ2NL∆F 2z
. (3.10)
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The purity decreases with the quantity
ξ = χ2NL∆F
2
z , (3.11)
which we call the “collective spin coupling constant”. A larger collective spin coupling
constant, therefore, signifies greater entanglement between the light and ensemble.
While it seems natural that the entanglement between the light and ensemble
should increase with NL and χ, the presence of ∆F
2
z in the collective spin coupling
constant is counterintuitive. The relationship between the “projection noise” ∆F 2z
and entanglement is explained by considering a measurement of the ensemble’s col-
lective spin mediated by the Faraday interaction. In this form of measurement, the
polarization of the light serves as a meter for the ensemble’s collective spin. Recall
that the Faraday interaction rotates the initial state of the light about Sˆ3 by an
amount proportional to the projections of the ensemble’s collective spin in Fˆz, as
shown in Eq. (3.8). If the ensemble is initially linearly polarized along x,
〈
Sˆ2
〉
= 0.
By measuring the displacement of the light in Sˆ2, the rotation angle and corre-
sponding Fˆz eigenstate of the ensemble can be deduced. Measuring the Sˆ2 Stokes
component of the light is, thus, an indirect measurement of the ensemble’s collective
spin component Fˆz.
To understand the role of the projection noise, we examine the measurement
of Sˆ2 in greater detail. Consider an apparatus used to measure Sˆ2 in absence of
the atomic ensemble, depicted in Fig. 3.3 (a) and (c). The light travels along z
until it encounters a polarizing beam splitter, whereupon half of the light is diverted
to a photodetector that counts photons with +45◦ polarization and the other half
is diverted to a photodetector that counts photons with −45◦ polarization. The
subtracted intensities measured by the two photodetectors yields a measurement of
Sˆ2 =
1
2
(aˆ†+45◦ aˆ+45◦ − aˆ†−45◦ aˆ−45◦). The variance in this measurement, ∆S22 , is due to
“shot noise” arising from the vacuum fluctuations in the y-polarized mode. For an
initial state of the light that is horizontally polarized, shown in Fig. 3.3 (b), the shot
Chapter 3. Atom-Light Interface 23
noise variance is ∆S22 = NL/4. Figure 3.4 (a) and (d) shows the same measurement
apparatus, except that the light passes through the atomic ensemble en route to the
photodetectors. If initial state of the light is |NL 〉x, as depicted in Fig. 3.4 (b), the
state of the light after the Faraday interaction is shown schematically in Fig. 3.4 (c).
This state consists of a superposition of the states |NL 〉x, all of which have been
rotated by an angle χMz about Sˆ3, corresponding to projections of the ensemble spin
state in the Fˆz eigenbasis. For small rotation angles, χMz, the displacement of each
superposition in Sˆ2 is〈
Sˆ2
〉
Mz
= (NL/2)sin(χMz) ≈ NLχMz/2. (3.12)
As shown in Fig. 3.4 (d), the mean of the measurement signal from the photodetec-
tors is equal to the displacement of one of the superpositions of |NL 〉x. The variance
of the signal over the time interval of the measurement is the shot noise variance of
|NL 〉x, which is once again ∆S22 = NL/4.
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Figure 3.3: The intrinsic shot noise of the light. (a) The light passes through the
experimental apparatus, which contains no atoms. (b) The state of the light, x
polarized, is an eigenstate of Sˆ1. The light has variance in the Stokes’ components
Sˆ2 and Sˆ3, corresponding to the diagonal/anti-diagonal polarization and circular
polarization of the light. This variance, given by ∆S22 = ∆S
2
3 = NL/4, is known
as the shot noise. (c) Measuring the diagonal/anti-diagonal polarization gives a
signal with mean zero, since
〈
Sˆ2
〉
= 0. The variance in the signal is the shot
noise, ∆S22 .
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Figure 3.4: The effect of atomic projection noise on atom-light entanglement.
(a) The light passes through the experimental apparatus, where it interacts with
the atoms. (b) The light, prior to interacting with the atoms, is in an eigen-
state of Sˆ1. The variance in the transverse components, ∆S
2
2 = ∆S
2
3 = NL/4,
is the shot noise. (c) If the ensemble is prepared in an initial state |ΦA 〉 =∑NAf
Mz=−NAf C(Mz)|NAf,Mz 〉 with
〈
Fˆz
〉
= 0, the Faraday interaction causes no
net rotation. Instead, the Faraday interaction couples each Fˆz eigenstate with
a state of the light that has been rotated about Sˆ3 by an angle proportional to
the eigenvalue Mz,
∑NAf
Mz=−NAf C(Mz)e
−iχMzSˆ3|NL 〉x|NAf,Mz 〉. The spread in
rotation angles about Sˆ3 increases with ∆F
2
z or the “projection noise” of the
ensemble. (d) When Sˆ2 is measured by the polarimeter, the mean of the sig-
nal corresponds to the rotation angle about Sˆ3, while the variance of the signal
is the shot noise. The greater spread in rotation angles created by increased
atomic projection noise makes the rotation angle more resolvable beneath the
shot noise. Because the rotation angle corresponds to an Fˆz eigenstate of the
ensemble, information about the ensemble’s collective spin is also more resolv-
able with increased projection noise. A measurement of Sˆ2, thus, creates more
measurement backaction in the ensemble, indicating greater atom-light entangle-
ment.
Being able to deduce the value of Fˆz by measuring Sˆ2 requires that the value
of the displacement in Eq. (3.12) is resolvable beneath the shot noise of the signal.
The displacement is resolvable as long as
〈
Sˆ2
〉
Mz
> ∆S2. The smallest separation
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between values of Fˆz that is resolvable beneath the shot noise of the light is, therefore,
(∆Fz)SN =
1
χ
√
NL
. (3.13)
We refer to (∆F 2z )SN as the shot noise resolution of a measurement of Fˆz. Note
that a large spread of measurement outcomes is more resolvable than a smaller
one. It follows that different measurement outcomes of Fˆz are more resolvable in
a measurement of the light when the ensemble has a large projection noise, ∆F 2z .
As illustrated in Fig. 3.5, such an ensemble has a greater spread of Fˆz eigenstates,
producing a greater spread of rotation angles in the state of the light after the Faraday
interaction. This leads to larger relative displacements of Sˆ2 and greater resolution
of Fˆz. The ability to probe one system and obtain information about another is a
signature of entanglement. Indeed, the increased resolution of Fˆz that results from a
larger projection noise indicates greater entanglement between the light and atoms.
For this reason, the collective spin coupling constant increases with the projection
noise. The collective spin coupling constant from Eq. (3.11) can alternatively be
expressed as
ξ =
(∆F 2z )PN
(∆F 2z )SN
= χ2NL∆F
2
z , (3.14)
where (∆F 2z )PN denotes the projection noise. As demonstrated in Eq. (3.10), this
is the key quantity in determining the entanglement between the light and ensem-
ble. The resolvability of Fˆz, and the entanglement generated between the light and
ensemble, increases with the ratio of the projection noise to the shot noise resolution.
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Figure 3.5: The Faraday interaction increases the variance of the light’s po-
larization by an amount proportional to the projection noise of the ensemble’s
collective spin along Fˆz. (a) Variance induced on the light’s polarization by an
ensemble prepared in a spin coherent state, | f, mx = f 〉⊗NA . The projection
noise of the spin coherent state is (∆F 2z )PN = NAf/2, the standard quantum
limit. (b) Variance induced upon the light’s polarization by an ensemble pre-
pared in | f, mx = 0 〉⊗NA , a state with a larger projection noise than the spin
coherent state. This enhanced projection noise, (∆F 2z )PN = NAf(f + 1)/2, in-
duces more variance upon the light’s polarization, increasing the resolvability of
translations corresponding to eigenvalues of Fˆz.
3.3 Holstein-Primakoff Approximations
Both the state of the light and the state of the atomic ensemble belong to Hilbert
spaces with extremely large dimensions. The state of the light is specified by its
two polarization modes, x and y, and fixed excitation number NL. In the Schwinger
representation, this corresponds to a spin state with total angular momentum number
NL/2 and Hilbert space dimension NL+1, where NL is on the order of 10
8 for realistic
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parameters. In the case of f = 1/2, the collective spin state of the ensemble has total
angular momentum quantum number NA/2 and Hilbert space dimension NA + 1.
Although this dimensionality is large, since NA ∼ 106, the situation is appreciably
worse when f > 1/2. Consider an ensemble state |Ψ 〉 = |ψ 〉⊗NA , where |ψ 〉 is a
state of the 2f +1 dimensional internal spin. This state can be decomposed in terms
of collective spin states with different total angular momentum quantum numbers,
F ,
|Ψ 〉 =
∑
F
F∑
M=−F
CFM |F,M 〉. (3.15)
In the case of f = 1/2, all CFM = 0 except when F = NA/2. This symmetry enables
the dimension of the Hilbert space to be reduced from 2NA to NA+1. When f > 1/2,
|Ψ 〉 has projections onto collective spin states with many different total angular mo-
mentum quantum numbers F . Reducing the dimensionality of the relevant Hilbert
space below (2f + 1)NA requires determining the CFM , which is an open problem.
Without analytic methods, we must instead rely upon an approximation. By apply-
ing variations of the Holstein-Primakoff (HP) approximation to both the light and
the atomic ensemble, we can treat each system as a state on a single bosonic mode
[25].
3.3.1 Holstein-Primakoff Transformation
The Holstein-Primakoff transformation is a map between angular momentum opera-
tors, or any generating set of su(2), and bosonic creation and annihilation operators.
Consider the angular momentum operators Jˆ+, Jˆ− and Jˆz. In terms of the cre-
ation and annihilation operators aˆ† and aˆ, these angular momentum operators can
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be expressed as
Jˆ+ = Jˆy + iJˆz =
√
2J
√
1− aˆ
†aˆ
2J
aˆ (3.16)
Jˆ− = Jˆy − iJˆz =
√
2Jaˆ†
√
1− aˆ
†aˆ
2J
(3.17)
and
Jˆx = J − aˆ†aˆ, (3.18)
where J is the total angular momentum quantum number.
The Holstein-Primakoff transformation is an exact correspondence. If we desire
to reduce the dimensionality of the relevant Hilbert space associated with the angular
momentum Jˆ, we must make an approximation. In cases where J is very large, the
expressions in Eqs. (3.16), (3.17) and (3.18) become
Jˆ+ = Jˆy + iJˆz ≈
√
2Jaˆ (3.19)
Jˆ− = Jˆy − iJˆz ≈
√
2Jaˆ† (3.20)
and
Jˆx ≈ J. (3.21)
This mapping is referred to as the Holstein-Primakoff approximation. The operator
Jˆx is treated as a classical quantity with no variance, while the operators Jˆ+ and
Jˆ− remain quantum. By making the Holstein-Primakoff approximation, we have
restricted the Hilbert space to states where
〈
Jˆx
〉 ≈ J .
3.3.2 Holstein-Primakoff Approximation on the Light
Because the Stokes’ components satisfy the su(2) commutation relations, we can
write these operators in terms of creation and annihilation operators through the
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Holstein-Primakoff transformation. For the squeezing protocols we will later con-
sider, the initial state of the light is linearly polarized along x, which is equivalent
to the effective angular momentum eigenstate of Sˆ1 with maximal spin projection,
|NL/2,M1 = NL/2 〉. Since the effective total angular momentum of this state is
NL/2 >> 1, we can apply the Holstein-Primakoff approximation to the Stokes’ com-
ponents. The Stokes’ component Sˆ1 becomes a classical quantity with
Sˆ1 =
1
2
(aˆ†xaˆx − aˆ†yaˆy) ≈ NL/2. (3.22)
The number of excitations in the x mode, likewise, becomes effectively classical with
aˆ†xaˆx ≈ NL. The creation and annihilation operators on the y mode, on the other
hand, are non-classical, containing all of the quantum uncertainty associated with
the light. The operators on the light that remain quantum depend upon aˆ†y and aˆy
with
Sˆ+ = Sˆ2 + iSˆ3 ≈
√
NLaˆy (3.23)
and
Sˆ− = Sˆ2 − iSˆ3 ≈
√
NLaˆ
†
y. (3.24)
The Stokes’ components Sˆ2 and Sˆ3 become
Sˆ2 =
√
NL
2
Xˆy (3.25)
and
Sˆ3 =
√
NL
2
Pˆy, (3.26)
where Xˆy = (aˆ
†
y + aˆy)/
√
2 and Pˆy = i(aˆ
†
y − aˆy)/
√
2 are the position and momentum
quadratures on the mode y.
Interestingly, we can arrive at the same approximation directly from the defini-
tion of the Stokes’ components. Again, we take the initial state of the light to be
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linearly polarized along x so that 〈Sˆ1〉 = NL/2. Because
〈
Sˆ1
〉
is large relative to the
uncertainties of the orthogonal Stokes’ components, given by ∆S2 = ∆S3 =
√
NL/2,
the state of the light is confined to a small locally flat region of the Poincare´ sphere
as shown in Fig. 3.6. In this region, the number of x-polarized photons remains ap-
proximately constant at NL, implying aˆ
†
x ≈ aˆx ≈
√
NL. Under this approximation,
the Stokes’ vector components in Eq. (3.2) become
Sˆ1 ≈ NL/2 (3.27)
Sˆ2 ≈
√
NL
2
(aˆy + aˆ
†
y) =
√
NL
2
Xˆy (3.28)
and
Sˆ3 ≈
√
NL
2i
(aˆy − aˆ†y) =
√
NL
2
Pˆy, (3.29)
equivalent to Eqs. (3.22), (3.25) and (3.26).
Figure 3.6: The Holstein-Primakoff approximation on the light. The light, com-
pletely polarized along x, is in the initial state |NL 〉x for which Sˆ1 ≈ NL/2.
In this regime, the uncertainties of the transverse Stokes’ components ∆S2 =
∆S3 =
√
NL/2 are much smaller than Sˆ1. The state of the light, thus, occupies
a small locally flat region of the Poincare´ sphere. In this region, the Stokes’
components Sˆ2 and Sˆ3 are well approximated by the position and momentum
quadratures Xˆy and Pˆy.
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Regardless of how we obtain the Holstein-Primakoff approximation, the result
is that the state of the light is specified by a single bosonic mode y. The initial
state of the light, completely polarized along x, corresponds to the vacuum state,
| 0 〉y. So long as the light undergoes weak interactions that do not lead to large
displacements on the Poincare´ sphere, implying that the light remains in a region
where
〈
Sˆ1
〉 ≈ NL/2, its state remains well approximated by a single mode. The
Faraday interaction fits this criteria, as χ << 1 for realistic parameters.
3.3.3 Holstein-Primakoff Approximation on the Atomic
Ensemble
In a manner similar to the light, we can greatly simplify the state of the atomic
ensemble through the Holstein-Primakoff approximation. We first consider a spin
coherent state of the ensemble along x for f = 1/2, which is given by
|NA/2,Mx = NA/2 〉 = | 1/2,mx = 1/2 〉⊗NA . This is an exact analogy to the case in
which the light is linearly polarized along x with the angular momentum operators
Fˆx, Fˆy and Fˆz taking the place of the Stokes’ components Sˆ1, Sˆ3 and Sˆ2, respectively.
This parallel is made especially clear when we express the collective angular momen-
tum operators of the ensemble in the Schwinger representation. The Schwinger repre-
sentation is another mapping from angular momentum operators to bosonic creation
and annihilation operators. Unlike the Holstein-Primakoff transformation, however,
the Schwinger representation expresses angular momentum operators in terms of two
bosonic modes. Consider the collective spin operators acting on the f = 1/2 atomic
ensemble written in the basis of fˆx eigenstates
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| ↑ 〉 = | f = 1/2,mx = 1/2 〉 and | ↓ 〉 = i| f = 1/2,mx = −1/2 〉,
Fˆx =
1
2
NA∑
i=1
(| ↑ 〉〈 ↑ |i − | ↓ 〉〈 ↓ |i) (3.30)
Fˆy =
i
2
NA∑
i=1
(| ↓ 〉〈 ↑ |i − | ↑ 〉〈 ↓ |i) (3.31)
and
Fˆz =
1
2
NA∑
i=1
(| ↓ 〉〈 ↑ |i + | ↑ 〉〈 ↓ |i) . (3.32)
The phase of the state | ↓ 〉 has been selected so that the collective spin operator Fˆz
corresponds with the derivation in Sec. 3.3.4, which employs the multilevel Holstein-
Primakoff approximation. In the expressions above, the term
∑NA
i=1| ↓ 〉〈 ↑ |i that
occurs in Eqs. (3.30) and (3.31) can be viewed as annihilating an atom in the state
| ↑ 〉 and creating an atom in the state | ↓ 〉. Likewise, the term ∑NAi=1| ↑ 〉〈 ↓ |i creates
an atom in the state | ↑ 〉 and annihilates an atom in the state | ↓ 〉. The terms∑NA
i=1| ↑ 〉〈 ↑ |i and
∑NA
i=1| ↓ 〉〈 ↓ |i in Eq. (3.32) are number operators, quantifying the
number of atoms in states | ↑ 〉 and | ↓ 〉, respectively. The Schwinger representation
recasts the collective spin operators in terms of creation and annihilation operators
on the “modes” ↑ and ↓,
Fˆx =
1
2
(
aˆ†↑aˆ↑ − aˆ†↓aˆ↓
)
(3.33)
Fˆy =
i
2
(
aˆ†↓aˆ↑ − aˆ†↑aˆ↓
)
(3.34)
and
Fˆz =
1
2
(
aˆ†↓aˆ↑ + aˆ
†
↑aˆ↓
)
. (3.35)
Note that these are identical to the Stokes’ components with the modes x and y
being replaced by the modes ↑ and ↓.
Because the ensemble prepared in a spin coherent state for f = 1/2 has total
angular momentum F = NA/2 >> 1, the Holstein-Primakoff approximation holds
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on the collective spin operators. The collective spins take a form identical to the
Stokes’ components under the Holstein-Primakoff approximation,
Fˆx ≈ NA/2 (3.36)
Fˆy ≈
√
NA
2i
(
aˆ↓ − aˆ†↓
)
=
√
NA
2
Pˆ↓ (3.37)
and
Fˆz ≈
√
NA
2
(
aˆ↓ + aˆ
†
↓
)
=
√
NA
2
Xˆ↓. (3.38)
The collective spin component Fˆx is treated classically, analogous to Sˆ1. The ↑
mode is, likewise, the treated classically with aˆ†↑ = aˆ↑ =
√
NA, while the ↓ mode is
quantum. The state of the ensemble is specified solely by the mode ↓. The initial spin
coherent state with each atom in the state | ↑ 〉, is equivalent to the vacuum, | 0 〉↓.
As shown in Fig. 3.7, the Holstein-Primakoff approximation can also be understood
pictorially on the Bloch sphere similarly to the Poincare´ sphere in the case of the
light. When
〈
Fˆx
〉
= NA/2 >> 1, it is much larger than the uncertainties of the
transverse collective spin components, ∆Fy = ∆Fz =
√
NA/2. The state of the
ensemble is, thus, confined to a small region of the Bloch sphere that can be treated
as a locally flat plane. In this region, the transverse collective spin components are
well approximated by quadratures on a single bosonic mode.
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Figure 3.7: The Holstein-Primakoff approximation on the ensemble prepared in a
spin coherent state. The HP approximation is applied in the exact same manner
as it was on the light in Fig. 3.6. Because the atoms are completely spin polarized
along x, Fˆx ≈ NAf . Because the transverse collective spin uncertainties ∆Fy and
∆Fz are so much smaller than Fˆx, the state of the ensemble occupies a small,
locally flat region of the Bloch sphere. The collective spin operators Fˆy and Fˆz
are approximated as the position and momentum quadratures Pˆ↓ and Xˆ↓.
3.3.4 Multilevel Holstein-Primakoff Approximation on the
Ensemble
For an ensemble with f = 1/2 prepared in a spin coherent state, the Holstein-
Primakoff approximation allows us to treat the state of the ensemble and all asso-
ciated operators as being on a single bosonic mode. We would like to do this for
a more general ensemble state where f ≥ 1/2, however. This can be accomplished
through the multilevel Holstein-Primakoff approximation of Kurucz and Mølmer [26].
Consider a separable initial state of the ensemble of the form |Ψ 〉 = | ↑ 〉⊗NA , where
each atom is identically prepared in some arbitrary state | ↑ 〉 in the spin-f ground
manifold. We should stress that, unlike in the previous section, | ↑ 〉 is not the state
of a qubit, but the state of a 2f + 1 dimensional qudit. To first order in χ when
Chapter 3. Atom-Light Interface 36
〈 ↑ |fˆz| ↑ 〉= 0 and | ↑ 〉 is not an eigenstate of fˆz, the Faraday interaction maps each
atom to an orthogonal state | ↓ 〉,
(I(j) − iχSˆ3fˆ (j)z )| ↑ 〉(j) = | ↑ 〉(j) − iχSˆ3
√
(∆f 2z )↑| ↓ 〉(j), (3.39)
where (∆f 2z )↑ is shorthand for 〈 ↑ |(∆fˆz)2| ↑ 〉. For small time scales, therefore, we can
approximate each atomic spin as a qubit embedded in the larger 2f + 1 dimensional
hyperfine manifold. The states defining our embedded qubit, | ↑ 〉 and | ↓ 〉, we refer
to as the “fiducial state” and the “coupled state”. In terms of the fiducial state, the
coupled state is given by
| ↓ 〉 = fˆz| ↑ 〉√
(∆fˆ 2z )↑
, (3.40)
Here, we have assumed for simplicity that
〈
fˆz
〉
↑ =
〈
fˆz
〉
↓ = 0, where
〈
fˆz
〉
ψ
is short-
hand for 〈ψ |fˆz|ψ 〉. We treat the most general case, where the means of the fiducial
and coupled states are not restricted to being zero, in Chapter 7. Also note that no
coupled state exists when the fiducial state is an eigenstate of fˆz.
Restricting each atomic spin to the fiducial and coupled states, the collective spin
Fˆz becomes
Fˆz =
NA∑
i=1
√
(∆f 2z )↑(| ↑ 〉〈 ↓ |i + | ↓ 〉〈 ↑ |i). (3.41)
Each atom is now an “embedded qubit” in the larger 2f + 1 dimensional hyperfine
manifold. We can use the same techniques that we employed in the case of the light
and the f = 1/2 ensemble. The Schwinger representation enables us to express Fˆz
in terms of creation and annihilation operators on a pair of oscillator modes ↑ and
↓,
Fˆz ≈
√
(∆f 2z )↑(aˆ
†
↑aˆ↓ + aˆ
†
↓aˆ↑). (3.42)
The operators aˆ†↑(↓) and aˆ↑(↓) create and annihilate an atom in the state | ↑ (↓) 〉.
Because the number of atoms in the fiducial state remains approximately equal to
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NA >> 1 when χ << 1, we can treat the ↑ mode as classical by taking aˆ†↑ ≈ aˆ↑ ≈√
NA. Upon making this approximation,
Fˆz ≈
√
2NA(∆f 2z )↑Xˆ↓. (3.43)
where Xˆ↓ is the position quadrature on the ↓ mode.
In terms of operators on the embedded qubit ensemble, the position quadrature
is defined as
Xˆ↓ =
1√
2
(aˆ†↓ + aˆ↓)
≈ 1√
2NA
NA∑
i=1
(| ↑ 〉〈 ↓ |i + | ↓ 〉〈 ↑ |i). (3.44)
While it is not related to a collective spin component in the same manner as Xˆ↓, a
momentum quadrature is similarly defined as an operator on the embedded qubit
ensemble,
Pˆ↓ =
i√
2
(aˆ†↓ − aˆ↓)
≈ i√
2NA
NA∑
i=1
(| ↓ 〉〈 ↑ |i − | ↑ 〉〈 ↓ |i). (3.45)
In the limit where nearly all of theNA atoms remain in the fiducial state, the ensemble
quadratures obey the canonical commutation relations,
[Xˆ↓, Pˆ↓] =
i
NA
NA∑
i=1
(| ↑ 〉〈 ↑ |i − | ↓ 〉〈 ↓ |i) ≈ i. (3.46)
After making the multilevel Holstein-Primakoff approximation, the state of the
ensemble can be succinctly expressed in terms of a single oscillator mode. Similar to
the light, the initial state of the ensemble with each atom prepared in | ↑ 〉 corresponds
to the vacuum state, | 0 〉↓. The ensemble effectively resides in a phase plane defined
by the position and momentum quadratures, Xˆ↓ and Pˆ↓. This approximation holds
for a weak Faraday interaction that does not transfer atoms outside the embedded
qubit appreciably.
Chapter 3. Atom-Light Interface 38
3.4 Phase Plane Faraday Interaction
After making the Holstein-Primakoff approximation on the light and the multilevel
Holstein-Primakoff approximation on the ensemble, the Faraday interaction acts on
the effective modes y and ↓. By combining Eqs. (3.7), (3.26) and (3.43), we can
write the Faraday Hamiltonian in terms of the quadratures on modes y and ↓ as
Hˆ =
~χ
∆t
√
NLNA(∆f 2z )↑PˆyXˆ↓. (3.47)
This interaction generates entanglement between the light and atoms by coupling
the modes y and ↓. In the phase plane picture, the Faraday interaction generates a
translation of the light in Xˆy by an amount proportional to the position of the atoms,
Xˆ↓. Likewise, the Faraday interaction translates the state of the ensemble along Pˆ↓ by
an amount depending on the the momentum of the light, Pˆy. Note that the strength
of the coupling between the light and ensemble increases with the projection noise of
the ensemble, given by (∆F 2z ) = NA(∆f
2
z )↑. This is another analytic demonstration
that greater ensemble projection noise leads to increased entanglement between the
light and atoms.
3.5 Internal Spin Control
The previous sections have demonstrated that the strength of the Faraday interac-
tion and the resulting atom-light entanglement increase with the initial projection
noise of the ensemble. Because the initial projection noise is proportional to the
variance of the fiducial state, it follows that we can enhance the Faraday interaction
by preparing each atom in a fiducial state, | ↑ 〉, with larger internal spin variance,
(∆fˆ 2z )↑. Through a combination of radio-frequency and microwave magnetic fields,
the hyperfine ground state of an alkali atom is completely controllable [17]. This
control has been experimentally demonstrated in the f = 3 and f = 4 ground mani-
folds of cesium [16]. Controllability of the ground hyperfine spin enables us to apply
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any unitary transformation uˆ to the space spanned by the magnetic sublevels of f .
For the ensemble, control over the internal hyperfine spins of the atoms permits local
unitary transformations of the form uˆ⊗NA . Because of this restriction, the ensemble
can be prepared in any state of the form | ↑ 〉⊗NA . Internal spin control also enables
us to apply arbitrary rotations and a variety of other useful transformations, which
will be detailed in later sections.
3.5.1 State Preparations
To more concretely demonstrate how state preparation influences entanglement gen-
eration, we analyze the performance of squeezing protocols using three specific fidu-
cial states. The results we present can be generalized to any fiducial state, however.
The the fiducial states we consider have varying amounts of projection noise, leading
to different degrees of atom-light entanglement and spin squeezing. In later chapters,
we will also use these fiducial states to explore the impact of state preparation upon
the decoherence of the ensemble. These studies demonstrate that state preparation
greatly influences achievable spin squeezing.
The first state preparation we consider is the familiar spin coherent state (SCS)
in which the fiducial state is the maximal spin projection along x,
| ↑SCS 〉 = | f,mx = f 〉. (3.48)
The coupled state in the multilevel HP approximation is
| ↓SCS 〉 = i| f,mx = f − 1 〉, (3.49)
since ∆fˆz| f,mx = f 〉 = i
√
f/2 | f,mx = f − 1 〉, where (∆f 2z )↑SCS = f/2. The SCS
has the smallest initial projection noise of any state preparation we consider. As a
consequence, the collective spin coupling constant, which is given by ξ(↑SCS) =
γ∆tOD/(18f), decays the most markedly with f .
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The “cat” preparation, in which each atom is prepared in the fiducial state
| ↑cat 〉 = 1√
2
(| f,mz = f 〉+ | f,mz = −f 〉) , (3.50)
has the largest projection noise of any initially separable ensemble state with
(∆f 2z )↑cat = f
2. From Eq. (3.40), the coupled state for the cat preparation
| ↓cat 〉 = 1√
2
(| f,mz = f 〉 − | f,mz = −f 〉) . (3.51)
Due to its sizable initial projection noise, the cat preparation exhibits the largest
collective spin coupling constant, ξ(↑cat) = γ∆tOD/9. Interestingly, ξ(↑cat) is also
independent of f .
Although the cat preparation generates the largest coherent interaction strength,
it is extremely susceptible to decoherence, as our analysis will later show. Because
of this, we consider an additional state preparation, “mx = 0”, with an intermediate
projection noise between the SCS and the cat. In the this preparation, each atom
is prepared in the magnetic sublevel with zero spin projection along x,
| ↑0 〉 = | f,mx = 0 〉. (3.52)
The variance of the fiducial state, (∆f 2z )↑0 = f(f + 1)/2, scales quadratically with f
like the cat state. By again using Eq. (3.40), we determine coupled state to be
| ↓0 〉 = i√
2
(| f,mz = −1 〉 − | f,mz = 1 〉) . (3.53)
While the collective spin coupling constant ξ(↑0) = γ∆tOD(f + 1)/(18f) still de-
creases with f , it does so at much reduced rate compared to the SCS.
3.6 Gaussian States
Making the HP approximation on the light and the multilevel HP approximation
on the atoms enables us to treat both systems on equal footing. The states of the
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light and the atoms become states of bosonic modes, each initially prepared in the
vacuum state. This fact is particularly significant, as the vacuum state is a Gaus-
sian state in phase space. Moreover, the interaction between the light and atomic
ensemble preserves this Gaussianity to good approximation. Gaussian states, which
have positive Gaussian-distributed Wigner functions, possess many useful properties
that greatly simplify the description of the atom-light interface. Below we highlight
several of the properties we will later utilize to characterize light-mediated squeezing
and decoherence of the atomic ensemble. For more comprehensive reviews of Gaus-
sian states, see Refs. [29, 30, 31, 32, 33]. Throughout this section, we consider the
most general Gaussian state on a set of bosonic modes 1, ..., n. Specializing to the
case of the atom-light system requires that we consider only two such modes, one
associated with the ensemble, labeled ↓, and one associated with the light, labeled
y.
A Gaussian state ρˆ on modes 1, ..., n is fully specified by the first and second order
moments of the phase space quadratures Xˆ1, Pˆ1, ..., Xˆn, Pˆn. Because we are primarily
concerned with entanglement generation, we need only consider the variances and
covariances of the quadratures, which contain the atom-light and interatomic corre-
lations. Information regarding these correlations is stored in the 2n× 2n covariance
matrix, Σ, with elements
Σij =
〈∆dˆi∆dˆj + ∆dˆj∆dˆi〉
2
, (3.54)
where dˆ = {Xˆ1, Pˆ1, ..., Xˆn, Pˆn}T and ∆dˆi = dˆi − 〈dˆi〉. All covariance matrices
corresponding to physical states satisfy
Σ +
i
2
σ ≥ 0, (3.55)
where the matrix σ, known as the symplectic matrix, is defined in terms of the
canonical commutation relations
σjk = −i[dˆj, dˆk] (3.56)
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or
σ =
n⊕
i=1
 0 1
−1 0
 . (3.57)
As a consequence of Eq. (3.55), the Heisenberg uncertainty relations are fulfilled on
pairs of conjugate quadratures [34].
Up to a translation in phase space, the Wigner function of a Gaussian state
depends purely upon the covariance matrix,
W (d) =
1
(2pi)n
√
det(Σ)
e−
1
2
dTΣ−1d, (3.58)
where d = {X1, P1, ..., Xn, Pn}T . A vacuum state in all modes, such as the initial
state of the atom-light system, has the covariance matrix
Σ0 =
n⊕
i=1
1/2 0
0 1/2
 . (3.59)
The covariance matrix Σ0 generates a symmetric, Gaussian-distributed Wigner func-
tion
W0(d) =
1
pin
e−(X
2
1 +P
2
1 +...+X
2
n+P
2
n) (3.60)
with zero mean and a variance of 1/2 in all quadratures. As the light and ensemble
evolve via a Faraday based squeezing protocol, the Gaussian character of the com-
bined state is preserved. Because it stores all information regarding entanglement,
we need only track the evolution of the covariance matrix. Below, we describe how
the covariance matrix evolves as the corresponding Gaussian state undergoes unitary
and dissipative dynamics.
The evolution of ρˆ under any operation that preserves Gaussianity can be rep-
resented in the Heisenberg picture as a transformation of the covariance matrix.
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We first consider unitary maps that preserve Gaussianity, which are generated by
Hamiltonians of the form
Hˆ =
∑
i,j
h(i,j)(dˆidˆj + dˆjdˆi) (3.61)
for real h(i,j) [30]. Associated with each Gaussian-preserving Hˆ is a symplectic map
SH , which dictates the evolution of both the first order moments and the covariance
matrix. Under a unitary map generated by Hˆ, the central first order moments and
the covariance matrix of ρˆ transform as
∆dˆ′ = SH∆dˆ (3.62)
and
Σ′ = SHΣSTH . (3.63)
All symplectic maps satisfy
SHσS
T
H = σ, (3.64)
which ensures that Eq. (3.55) is preserved on the output covariance matrix Σ′.
Unitary maps that preserve Gaussianity are a subset of the more general class
of completely positive maps that preserve Gaussianity, so-called Gaussian channels.
Associated with each Gaussian channel E acting on ρˆ is a matrix ME and a sym-
metric, positive semidefinite matrix NE . Under E , the evolution of the central first
order moments and covariance matrix are given by
∆dˆ′ = ME∆dˆ (3.65)
and
Σ′ = MEΣMTE +NE . (3.66)
Preserving Eq. (3.55) on Σ′ requires that ME and NE satisfy [30]
NE +
i
2
σ − i
2
MEσMTE ≥ 0. (3.67)
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The matrix NE , referred to as the noise component, increases the variance of the
quadratures. Consequently, E is called a noise channel in the case that ME = I.
When NE = 0, condition Eq. (3.67) is equivalent to Eq. (3.64) and ME is a symplectic
map. In the case where NE 6= 0, E is a dissipative transformation. Gaussian channels
of this sort frequently arise when ρˆ becomes entangled with another system that is
subsequently traced out, such as an environment.
In addition to Gaussian channels, operations that preserve Gaussianity include
several forms of measurement, one of the most important being homodyne detection.
Suppose that we wish to perform homodyne detection on the nth mode of the n-
mode Gaussian state ρˆ. The initial covariance matrix of ρˆ can be written in terms
of the submatrices A, B and C as
Σ =
 A C
CT B
 , (3.68)
where A is the covariance matrix of modes 1 through n−1, B is the covariance matrix
of mode n, and the matrix C contains the covariances between modes 1 through n−1
and n. Consider a homodyne measurement of Xˆn, which we will denote by h[Xˆn].
In a homodyne measurement with perfect efficiency, the state of the nth mode is
projected onto an eigenstate of Xˆn with no variance. Although the nth mode is
no longer Guassian, the state remains Gaussian on modes 1, ..., n − 1 and has the
covariance matrix
Σ′ = h[Xˆn](Σ) = A− C(PBP)−1CT , (3.69)
where P = diag(1, 0) and the inverse symbol denotes the Moore-Penrose pseudoin-
verse [30]. As evidenced in Eq. (3.69), the Gaussian state on modes 1 through n
evolves deterministically, independent of the measurement outcome of Xˆn.
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Chapter 4
Squeezing Protocols
As discussed in Sec. 3.2, the Faraday interaction creates entanglement between
the light and atoms with strength given by the collective spin coupling constant,
ξ. It is entanglement between the atoms, however, that creates spin squeezing. In
squeezing protocols that utilize the Faraday interaction, a mode of the light acts as a
quantum data bus, inducing entanglement through its mutual coupling to all atoms.
Atom-light entanglement can be converted into interatomic entanglement through
measurement of the light, which subjects the ensemble to measurement backaction
[9, 11, 35]. In other protocols, the light mediates an effective nonlinear interaction
on the ensemble [12, 36]. The commonality in all protocols is that spin squeezing
ultimately depends upon the strength of the initial entanglement between the light
and atoms.
Using the covariance matrix update rules of Gaussian states, we can describe
these squeezing protocols in a simple, compact manner. We represent the ensemble
and light collectively as a multimode Guassian state with dˆ = (Xˆ↓, Pˆ↓, Xˆy, Pˆy)T ,
where the initial vacuum state of the system has the covariance matrix given in Eq.
(3.59). Because the protocols produce an ensemble state that is squeezed in the
Xˆ↓-Pˆ↓ phase plane, we employ the quadrature squeezing parameter, ζq, to quantify
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squeezing. The relationship between the Wineland spin squeezing parameter, ζm,
and the quadrature squeezing parameter, ζq, will be explored in Sec. 4.3.
4.1 Quantum Nondemolition (QND) Measurement
Quantum nondemolition measurement was one of the earliest techniques used to
create spin squeezing in atomic ensembles [9, 11, 35]. A schematic of this protocol is
shown in Fig. 4.1. Squeezing by QND measurement employs the procedure described
in Sec. 3.2, in which the collective spin component Fˆz of the ensemble is determined
through a measurement of the Stokes’ component Sˆ2 of the light. Because we have
made the Holstein-Primakoff approximation, phase space quadratures take the place
of the collective spin component Fˆz and the Stokes’ component Sˆ2. In the phase
plane picture, the position quadrature Xˆ↓ of the ensemble is inferred through a
measurement of the position quadrature Xˆy of the light.
Figure 4.1: Schematic of the experimental setup for the QND measurement pro-
tocol. Horizontally polarized probe light passes through the ensemble, causing a
rotation of its linear polarization. The magnitude of this rotation, given by the
value of the quadrature Xˆy, is proportional to the collective spin of the ensemble,
Fˆz, or the quadrature, Xˆ↓, in the generalized Holstein-Primakoff approximation.
A balanced polarimeter at ±45◦ measures the quadrature Xˆy, an effective mea-
surement of Fˆz. This causes squeezing of the ensemble along Fˆz by measurement
backaction. In the generalized Holstein-Primakoff picture, this is equivalent to
phase plane squeezing of the quadrature Xˆ↓.
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The light and atoms are first entangled by the Faraday interaction, the action of
which over a small time ∆t is described by the symplectic matrix
SF (∆t) =

1 0 0 0
0 1 0 −√ξ
√
ξ 0 1 0
0 0 0 1
 . (4.1)
Equation (4.1) follows from the evolution of the quadratures in the Heisenberg pic-
ture. The atom-light entanglement is evidenced in the transformed quadratures,
Xˆ↓(∆t)
Pˆ↓(∆t)
Xˆy(∆t)
Pˆy(∆t)
 =

Xˆ↓(0)
Pˆ↓(0)−
√
ξPˆy(0)
Xˆy(0) +
√
ξXˆ↓(0)
Pˆy(0)
 . (4.2)
Note that the position quadrature of the light, Xˆy, contains information about the
position quadrature of the ensemble, Xˆ↓. A measurement of the light by the balanced
polarimeter in Fig. 4.1 behaves like a homodyne measurement with the probe light
acting as a local oscillator. Performing homodyne detection on Xˆy is an effective
measurement of the ensemble’s Xˆ↓, inducing backaction on the ensemble that reduces
the variance of Xˆ↓. For an arbitrary covariance matrix at time t, this protocol is
described by the update
Σ↓(t+ ∆t) = h[Xˆy]
(
SF (∆t)Σ(t)S
T
F (∆t)
)
. (4.3)
For the initial vacuum state of the atom-light system, the covariance matrix of the
ensemble resulting from the QND measurement protocol is
Σ↓(∆t) =
1
2
(1 + ξ)−1 0
0 1 + ξ
 . (4.4)
The squeezing of the position quadrature Xˆ↓, which follows from Eq. (4.4), is
ζq =
1
1 + ξ
. (4.5)
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Figure 4.2: Schematic of the experimental setup for the double pass protocols.
Upon first entering the apparatus, light passes through the ensemble and under-
goes Faraday rotation. The light is then reflected back towards the ensemble,
passing twice through a λ/8 wave plate. The light then passes through the en-
semble a second time, once again undergoing Faraday rotation. In the quantum
eraser protocol, the light’s polarization is measured upon exiting the ensemble.
A magnetic field is applied to the ensemble along z conditioned upon the mea-
surement value, rotating the collective spin.
Note that ζq decreases with increasing ξ. This signifies that squeezing, like the
atom-light entanglement, improves with a larger collective spin coupling constant.
4.2 Double Pass Protocols
Generating spin squeezing through a double pass geometry, in which the light and
atoms interact twice via the Faraday interaction, was first proposed in [12]. Over
the two passes, the light mediates an effective atom-atom interaction that generates
interatomic entanglement and squeezing. This process is depicted in Fig. 4.2.
The light and ensemble are initially entangled by the Faraday interaction, trans-
forming the quadratures as in Eq. (4.2). Recall that after the first pass, the position
quadrature of the light Xˆy contains information about the position quadrature of the
ensemble Xˆ↓. After the first pass, the light proceeds twice through a λ/8 wave plate,
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Figure 4.3: The effect of the one-axis twisting interaction, eiξXˆ
2
↓/2, in the phase
plane of the ensemble. One-axis twisting imparts a translation of the ensemble
state along Pˆ↓ by an amount proportional to the state’s displacement in Xˆ↓. This
shearing creates squeezing in the Xˆ↓-Pˆ↓ phase plane.
rotating the Xˆy and Pˆy quadratures by pi/2,
Xˆ↓(∆t)
Pˆ↓(∆t)
Xˆy(∆t)
Pˆy(∆t)
 =

Xˆ↓(0)
Pˆ↓(0)−
√
ξPˆy(0)
−Pˆy(0)
Xˆy(0) +
√
ξXˆ↓(0)
 . (4.6)
The light passes through the ensemble a second time with the Pˆy quadrature contain-
ing information about Xˆ↓. The Faraday interaction then couples Pˆy to Xˆ↓, creating
an effective Xˆ2↓ interaction. The nonlinear nature of this interaction is alternatively
illustrated by decomposing the protocol into unitary operators,
UˆDP = UˆFaradayUˆλ
8
Uˆλ
8
UˆFaraday = e
i
√
ξ(Xˆy−Pˆy)Xˆ↓ei
ξ
2
Xˆ2↓ . (4.7)
The first exponential on the right hand side of Eq. (4.7) does not create squeezing.
Rather, it indicates the residual entanglement between the light and atoms after the
second pass. The second exponential, however, is a well studied spin squeezing in-
teraction known as one-axis twisting [19]. One axis-twisting is a shearing interaction
that creates squeezing in the Xˆ↓-Pˆ↓ phase plane as depicted in Fig. 4.3.
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For an arbitrary covariance matrix at time t, the double pass protocol is described
by the update
Σ↓(t+ 2∆t) = Try
(
SF (∆t)Rλ
4
SF (∆t)Σ(t)S
T
F (∆t)R
T
λ
4
STF (∆t)
)
. (4.8)
Here, Try denotes taking the partial trace over the light, which is performed by dis-
carding all entries of the covariance matrix involving operators on the y mode. After
tracing out the light, we are left with the “reduced” covariance matrix of the ensem-
ble, Σ↓. The eigenvalues of Σ↓ are the variances of the squeezed and anti-squeezed
quadratures in phase space. The reduced density matrix can be diagonalized by
performing a phase space rotation via a symplectic rotation matrix
R(θ) =
cosθ −sinθ
sinθ cosθ
 . (4.9)
Applying the double pass protocol to the initial vacuum state and rotating the re-
sulting reduced covariance matrix by an angle
φ = −tan−1
(
2ξ
2ξ + ξ2 + ξ
√
ξ2 + 4ξ + 8
)
(4.10)
yields
R(φ)Σ↓R(φ)T = (4.11)
1
4
2 + 2ξ + ξ2 − ξ√ξ2 + 4ξ + 8 0
0 2 + 2ξ + ξ2 + ξ
√
ξ2 + 4ξ + 8
 . (4.12)
This indicates that the double pass protocol produces squeezing in the phase plane
along the angle pi − φ. For ξ >> 1, the squeezing parameter becomes
ζq ≈ 2
ξ
. (4.13)
Although the double pass performs slightly worse than the QND measurement pro-
tocol, it does not require a high quantum efficiency measurement of the light.
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4.2.1 Quantum Eraser
Although the ensemble is squeezed after the double pass protocol, the squeezing is
limited because the light and atoms are still entangled after the second pass. This
entanglement is evidenced in Eq. (4.7) and in the quadrature evolution after the
second pass,
Xˆ↓(2∆t)
Pˆ↓(2∆t)
Xˆy(2∆t)
Pˆy(2∆t)
 =

Xˆ↓(0)
Pˆ↓(0)−
√
ξPˆy(0)−
√
ξXˆy(0)− ξXˆ↓(0)
−Pˆy(0) +
√
ξXˆ↓(0)
Xˆy(0) +
√
ξXˆ↓(0)
 . (4.14)
Taking the partial trace over the light, in effect discarding the light while it is still
entangled to the atoms, causes the ensemble to decohere and limits squeezing. This
decoherence can be remedied with a quantum eraser, a measurement that disentan-
gles two systems [36, 37]. Homodyne detection on the y mode projects the light into
a pure state, separable from the ensemble. Note from Eq. (4.14) that the quadrature
Xˆ ′y = (Xˆy − Pˆy)/
√
2 contains no atomic information. A measurement of Xˆ ′y, thus,
disentangles the atoms from the light without causing measurement backaction on
the ensemble [36]. The Kraus operator that evolves the ensemble conditioned on a
measurement value X ′y of Xˆ
′
y is given by
〈X ′y |UˆDP | 0 〉y = ei
√
2ξX′yXˆ↓ei
ξ
2
Xˆ2↓ 〈X ′y |0〉y. (4.15)
We see that the net effect of the measurement is a translation of the ensemble along
Pˆ↓. This translation can be cancelled by applying a magnetic field along the z axis,
resulting in a pure one-axis twisting interaction. In the covariance matrix update
picture, the Takeuchi protocol with the quantum eraser is given by
Σ↓(t+ 2∆t) = h[Xˆ ′y]
(
SF (∆t)Rλ
4
SF (∆t)Σ(t)S
T
F (∆t)R
T
λ
4
STF (∆t)
)
. (4.16)
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By applying Eq. (4.16) to the covariance matrix of the initial vacuum state, we find
the resultant squeezing. For ξ >> 1,
ζq ≈ 1
ξ2
. (4.17)
This quadratic scaling with ξ is a substantial improvement over the double pass
alone.
4.2.2 Phase-matching
In eliminating an important source of decoherence on the ensemble, the quantum
eraser generates a pure one-axis twisting interaction. The spin squeezing generated
by the double pass protocol can be enhanced even further, however. Decomposing
the one-axis twisting interaction in terms of creation and annihilation operators on
the ↓ mode yields
ei
ξ
2
Xˆ2↓ = exp
(
i
ξ
4
(aˆ†2↓ + aˆ
2
↓) + i
ξ
2
aˆ†↓aˆ↓ + i
ξ
4
)
. (4.18)
The first term on the right hand side is a Bogoliubov transformation, a pure squeezing
interaction. The second term is a rotation in the Xˆ↓-Pˆ↓ phase plane, while the last
term is a phase that is irrelevant to the dynamics. Due to the rotation term, the pure
squeezing generated by the Bogoliubov transformation takes place along a variable
axis. By eliminating this rotation or “phase-matching”, we can ensure that squeezing
occurs along a consistent axis [36]. To achieve this, we apply the double pass with the
quantum eraser over a very small interaction time 2∆t/n followed by a rotation in
the phase plane by an angle ξ/2n, which can be generated with internal spin control.
Through a Trotter expansion, we alternatingly apply the double pass plus quantum
eraser and the rotation over infinitesimal time steps. This procedure generates a
Bogoliubov transformation without extraneous rotation,
UˆPM = limn→∞
(
e−i
ξ
2n
aˆ†↓aˆ↓ei
ξ
2n
Xˆ2↓
)n
= ei
ξ
4
(aˆ†2↓ +aˆ
2
↓). (4.19)
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The phase matching procedure can also be implemented as a symplectic trans-
formation on the covariance matrix. The one-axis twisting unitary in Eq. (4.18)
applied over a small interaction time 2∆t/n becomes the unitary transformation
Uˆn = e
i ξ
2n
Xˆ2↓ . (4.20)
Because this unitary is generated by a Hamiltonian of the form in Eq. (3.61), it
preserves Gaussianity and acts upon the covariance matrix via a symplectic map,
Sn. To first order in ξ/n, the singular value decomposition of Sn is
Sn = R(θ−)DR(−θ+) (4.21)
where
D =
e− ξ2n 0
0 e
ξ
2n
 (4.22)
and the angles θ± ≈ pi/4 ± ξ4n . Alternating the one-axis twisting interaction and
rotations of θ+ − θ− ≈ ξ/(2n), creates pure squeezing along a consistent axis,
...R(θ+ − θ−)S(n)1 R(θ+ − θ−)S(n)1 = R(θ+)DnR(−θ−). (4.23)
Up to a rotation in phase space, the resulting symplectic map is
Dn =
e− ξ2 0
0 e
ξ
2
 . (4.24)
Applying this symplectic map to the vacuum covariance matrix produces squeezing
that scales exponentially with ξ,
ζq = e
−ξ. (4.25)
Through a combination of feedback and internal spin controls, the scaling of spin
squeezing with the collective spin coupling constant is substantially enhanced.
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4.3 Quadrature Squeezing vs. Spin Squeezing
The spin squeezing protocols discussed in Sections 4.1 and 4.2 create squeezing in
the phase plane defined by the ensemble quadratures Xˆ↓ and Pˆ↓. When the fiducial
state is a spin coherent state, this is equivalent to squeezing a component of the
collective spin. For more general fiducial states, however, the relationship between
squeezing in the phase plane and squeezing of a collective spin component is not
immediately clear. To shed light on this, we revisit equations (3.44) and (3.45),
which show that the quadratures have an alternative interpretation as operators on
the ensemble of embedded qubits. Recall that each embedded qubit j is defined on
a basis consisting of the fiducial and coupled states, | ↑ 〉j and | ↓ 〉j, within the 2f +1
dimensional hyperfine spin of each atom j. Consider the collective spin components
of the embedded qubit ensemble given by
Σˆx =
1
2
ΣNj=1σˆ
(j)
x and (4.26)
Σˆy =
1
2
ΣNj=1σˆ
(j)
y , (4.27)
where
σˆ(j)x = | ↓ 〉〈 ↑ |j + | ↑ 〉〈 ↓ |j and (4.28)
σˆ(j)y = i(| ↓ 〉〈 ↑ |j − | ↑ 〉〈 ↓ |j) (4.29)
are the Pauli spin operators on a qubit j with basis states | ↑ 〉j and | ↓ 〉j. From
equations (3.44) and (3.45),
Xˆ↓ ≈
√
2Σˆx and (4.30)
Pˆ↓ ≈
√
2Σˆy. (4.31)
Squeezing in the phase plane is, thus, equivalent to squeezing the collective spin of
the embedded qubit ensemble in a plane defined by Σˆx and Σˆy.
Squeezing of the embedded qubit ensemble does not necessarily imply squeezing of
the atomic ensemble composed of spin-f qudits, however. While Σˆx is proportional
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to Fˆz under the multilevel HP approximation, Σˆy does not in general relate to a
collective spin component of the qudit ensemble when f ≥ 1/2. Squeezing in the
plane defined by Σˆx and Σˆy, nonetheless, reveals valuable information about the state
of the qudit ensemble. Recall that because a qubit cannot be internally squeezed, spin
squeezing in an ensemble of qubits is the product of entanglement alone. Squeezing
in the Σˆx-Σˆy plane, which is synonymous with squeezing in the Xˆ↓-Pˆ↓ phase plane,
implies entanglement between the atoms in the ensemble. We can, furthermore, view
the squeezing parameter ζq, as a measure of this interatomic entanglement. While
the squeezing protocols outlined in Sections 4.1 and 4.2 do not necessarily squeeze a
component of the collective spin Fˆn, they generate entanglement between the atoms
in the ensemble.
While ζq < 1 indicates the presence of interatomic entanglement, the question
remains as to how exactly ζq relates to the metrological spin squeezing parameter,
ζm. In terms of the phase plane squeezing parameter, we can express the metrological
spin squeezing parameter as
ζm = ζ
↑
mζq, (4.32)
where ζ↑m is the metrological squeezing parameter of a single atomic spin prepared
in the fiducial state,
ζ↑m =
2f (∆f 2z )↑
〈fˆx〉2
. (4.33)
From Eq. (4.32), it is clear that when the fiducial state is anti-squeezed, i.e. ζ↑m > 1,
squeezing of the collective spin cannot occur unless there is a sufficiently high degree
of squeezing in the phase plane or, equivalently, interatomic entanglement. To achieve
metrologically relevant spin squeezing ζq must be very small, specifically ζq < (ζ
↑
m)
−1.
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4.4 Post-Processing
Our protocol for enhancing the Faraday interaction relies on preparing the atoms in
fiducial states, such as | ↑cat 〉 and | ↑0 〉, which increases projection noise variance of
the ensemble thereby maximizing the resolvability of a collective spin projection in
a measurement of the light. Increasing the projection noise seems antithetical to the
goal of squeezing. Indeed, equation (4.32) appears to suggest that we strengthen the
Faraday interaction, and the resulting interatomic entanglement, at the expense of
metrologically relevant squeezing. Through internal spin control, however, we can
convert this enhanced interatomic entanglement into metrologically relevant squeez-
ing.
Note that when the ensemble is prepared in a spin coherent state,
〈 ↑SCS |fˆx| ↑SCS 〉 = f and 〈 ↑SCS |(∆fˆz)2| ↑SCS 〉 = f/2, implying ζ↑SCSm = 1. By
Eq. (4.32), the phase plane squeezing and metrologically relevant spin squeezing are
equivalent, i.e. ζm = ζq. We can take advantage of this relationship by mapping the
squeezing created in the Xˆ↓-Pˆ↓ phase plane into the Xˆ↓SCS -Pˆ↓SCS phase plane. Using
internal spin control, we can generate the partial isometry
UˆSCS =
NA⊗
i=1
(| ↑SCS 〉〈 ↑ |i + | ↓SCS 〉〈 ↓ |i) . (4.34)
On each atom i, UˆSCS maps an arbitrary fiducial state to | ↑SCS 〉i and an arbitrary
coupled state to | ↓SCS 〉i. The phase plane quadratures are transformed as
Uˆ †SCSXˆ↓UˆSCS = Xˆ↓SCS and (4.35)
Uˆ †SCSPˆ↓UˆSCS = Pˆ↓SCS . (4.36)
An ensemble state | ζ 〉 that is squeezed in the Xˆ↓-Pˆ↓ phase plane will be mapped to
a state | ζ ′ 〉 = UˆSCS| ζ 〉 that is squeezed in the Xˆ↓SCS -Pˆ↓SCS phase plane. We can see
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this more clearly by looking at the quadrature variances,
〈 ζ |(∆Xˆ↓)2| ζ 〉 = 〈 ζ ′ |(∆Xˆ↓SCS)2| ζ ′ 〉 and (4.37)
〈 ζ |(∆Pˆ↓)2| ζ 〉 = 〈 ζ ′ |(∆Pˆ↓SCS)2| ζ ′ 〉. (4.38)
As a result of Eqs. (4.37) and (4.38), the phase plane squeezing parameter ζq is pre-
served by UˆSCS. The metrological squeezing parameter of the fiducial state, however,
is not preserved,
ζ↑m →
2f〈 ↑ |Uˆ †SCS(∆fˆz)2UˆSCS| ↑ 〉
〈 ↑ |Uˆ †SCS fˆxUˆSCS| ↑ 〉2
= ζ↑SCSm = 1. (4.39)
The metrologically relevant spin squeezing parameter, consequently, transforms as:
ζm = ζ
↑
mζq → ζ↑SCSm ζq = ζq. (4.40)
The partial isometry UˆSCS converts squeezing in the phase plane into metrologically
relevant spin squeezing.
By combining state preparation, a Faraday-based squeezing protocol and “post-
processing” in the form of a partial isometry, we can create metrologically relevant
spin squeezing that increases with the initial projection noise variance of the ensemble
[38]. The steps of this procedure are shown in Fig. 4.4. The enhanced entanglement
created by preparing the ensemble in a state with larger projection noise does not
come at the expense of metrologically relevant squeezing. Indeed, through this series
of controls, squeezing produced by the Faraday interaction is increased substantially.
For QND measurement, in particular, one can obtain more squeezing than what
would seem possible given the shot noise resolution.
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Figure 4.4: Using internal spin control to enhance spin squeezing. (a) Internal
spin control is first used to prepare each atom in the fiducial state, | ↑ 〉, creating
the ensemble state | ↑ 〉⊗NA . The fiducial state is chosen so that the ensemble has a
larger value of projection noise, ∆F 2z = NA(∆f
2
z )↑. (b) A Faraday spin squeezing
protocol is applied to the ensemble. Interatomic entanglement is created through
the coupling of the light and ensemble. The coupling between the light and
ensemble and the interatomic entanglement that results increases with the initial
projection noise. (c) The interatomic entanglement generated by the squeezing
protocol creates squeezing in the phase plane of the HP quadratures Xˆ↓ and Pˆ↓.
The greater the squeezing, the greater the interatomic entanglement. (d) By
applying a partial isometry, the squeezing in the phase plane is converted into
squeezing of the collective spin. (e) The end result is a spin squeezed state of
the ensemble with ζm < 1.
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4.4.1 Internal Spin Squeezing
While the partial isometry in Eq. (4.34) enables us to convert interatomic entan-
glement into metrologically relevant spin squeezing, it is not the optimal map. A
partial isometry that maps a fiducial state to an internally spin squeezed state | ↑S 〉,
for which ζ↑Sm < 1, generates an even larger amount of metrologically relevant squeez-
ing.
As the squeezed state | ↑S 〉, we choose the Yurke state [39, 40], which is defined
for integer f as
| ↑y 〉 ≡ sinα√
2
| f,mz = 1 〉+ cosα| f,mz = 0 〉+ sinα√
2
| f,mz = −1 〉. (4.41)
The Yuke state is maximally squeezed as α → 0, meaning that ζ↑ym reaches the
Heisenberg limit of 1/f . For arbitrary α, the squeezing parameter of the Yurke state
is
ζ↑ym =
1
(f + 1)cos2α
. (4.42)
The state that couples to the Yurke state in the multilevel HP approximation is
| ↓y 〉 = 1√
2
(| f,mz = 1 〉 − | f,mz = −1 〉), (4.43)
since ∆fˆz| ↑y 〉 = sinα| ↓y 〉 and (∆fˆ 2z )↑y = sin2α.
While the original Yurke state given in Eq. (4.41) is only defined for integer f ,
we introduce a “half-integer Yurke state” for half-integer f ,
| ↑hy 〉= sinα√
2
| f,mz = 3/2 〉+cosα| f,mz = 1/2 〉+ sinα√
2
| f,mz = −1/2 〉. (4.44)
The squeezing parameter of the half-integer Yurke state is
ζ
↑hy
m =
4f
cos2α(
√
(f + 3/2)(f − 1/2) + f + 1/2)2 . (4.45)
Although the squeezing parameter of the half-integer Yurke state has a more com-
plicated dependence on f than the squeezing parameter of the Yurke state, it is also
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maximally squeezed, scaling roughly with 1/f as α → 0. The state coupled to the
half-integer Yurke state in the multilevel HP approximation is
| ↓hy 〉 = 1√
2
(| f,mz = 3/2 〉 − | f,mz = −1/2 〉), (4.46)
as ∆fˆz| ↑hy 〉 = sinα| ↓hy 〉 and (∆fˆ 2z )↑hy = sin2α.
To enhance metrologically relevant squeezing through squeezing of the internal
spin, we take an approach similar to post-processing with the spin coherent state.
Using internal spin control, we generate the partial isometry
Uˆy =
NA⊗
i=1
{
(| ↑y 〉〈 ↑ |i + | ↓y 〉〈 ↓ |i) integer f
(| ↑hy 〉〈 ↑ |i + | ↓hy 〉〈 ↓ |i) half-integer f
. (4.47)
This partial isometry maps squeezing from the Xˆ↓- Pˆ↓ phase plane to the Xˆ↓y- Pˆ↓y
phase plane for integer f and to the Xˆ↓hy- Pˆ↓hy phase plane for half-integer f . Like
UˆSCS, the partial isometry Uˆy preserves both the quadrature variances and the phase
plane squeezing parameter, ζq. The metrological squeezing parameter is transformed,
however,
ζm = ζ
↑
mζq →
{
ζ
↑y
m ζq =
ζq
cos2α(f+1)
integer f
ζ
↑hy
m ζq =
4fζq
cos2α(
√
(f+3/2)(f−1/2)+f+1/2)2 half-integer f
. (4.48)
When α = 0, the internal spin squeezing produces a multiplicative enhancement on
the order of 1/f compared to the partial isometry UˆSCS. Also note that the gains
produced by internal spin squeezing increase with f .
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Chapter 5
Decoherence Due to Optical
Pumping
In the previous chapter, we demonstrated that internal spin control in the form of
state preparation and post-processing can enhance the performance of Faraday-based
squeezing protocols. While the gains are significant, achievable spin squeezing is ul-
timately limited by the various sources of decoherence in the system. Under realistic
experimental conditions, optical pumping of the atoms due to spontaneous scatter-
ing of photons is the most significant source of decoherence. Because the rate of
photon scattering increases with the entangling strength of the Faraday interaction,
any attempt to squeeze the ensemble inevitably produces decoherence. Preparation
of the ensemble with internal spin control adds another layer of complexity, as the
effects of optical pumping are state dependent. Achievable spin squeezing is lim-
ited by tradeoffs between the increased entanglement generation and the increased
susceptibility to decoherence that come with the choice of a fiducial state.
Although this chapter concerns the effect of optical pumping upon the atoms
in the ensemble, it should be noted that optical pumping arising from spontaneous
photon scattering produces decoherence of the light as well. Absorption followed
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Figure 5.1: Optical pumping in the case of f = 1/2 for an atom being driven on
a f = 1/2 to f ′ = 1/2 transition. The probe is linearly polarized along x. Solid
lines represent absorption of a photon from the probe and dashed lines represent
spontaneous emission of a photon. In (a), the quantization axis of the atom is
parallel to the polarization of the probe, meaning that the probe is pi polarized.
In (b), the quantization axis of the atom is orthogonal to the polarization of the
probe, meaning that the probe is a superposition of σ+ and σ− light.
by spontaneous emission causes the light to be diffusely scattered outside the spatial
mode of the probe, meaning that photons are lost. This notwithstanding, the number
of photons per pulse is much greater than the number of atoms. Additionally, the
atomic ensemble continually interacts with fresh pulses of light. While the effects of
spontaneous photon scattering accumulate on the ensemble, this is not true of the
light. For these reasons, loss of photons due to diffuse scattering has minimal impact
and can be ignored.
5.1 Fundamentals of Optical Pumping
To develop an intuition for the effects of optical pumping, we first examine a simple
case for f = 1/2. Depicted in Fig. 5.1 is an atom with ground state angular
momentum f = 1/2 being driven on a transition to an excited state with angular
momentum f ′ = 1/2. Initially, the atom is in the state | f = 1/2,m 〉, where the
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spin projection number is m = ±1/2. The probe photons driving the atom carry
angular momentum with spin s = 1. When the atom absorbs a probe photon, it is
excited to the f ′ = 1/2 manifold and its spin projection will change by an amount
∆m depending upon the polarization of the probe relative to the quantization axis of
the atomic spin. If the probe is right circularly polarized with respect to the atomic
quantization axis, which is called σ+ light, ∆m = 1. Conversely, if the probe is left
circularly polarized with respect to the atomic quantization axis, which is referred to
as σ− light, ∆m = −1. When the probe is linearly polarized along the quantization
axis, which is called pi light, the spin projection of the atom does not change, i.e.
∆m = 0.
Figure 5.1 depicts two possible orientations of the atomic quantization axis with
respect to the probe polarization. In Fig. 5.1 (a), the atom is quantized along the
x axis, which is parallel to the linear polarization of the probe. This pi light induces
the transitions, | f = 1/2,m = ±1/2 〉 → | f ′ = 1/2,m′ = ±1/2 〉. In Fig. 5.1
(b), the atom is quantized along z, which is perpendicular to the linear polarization
of the probe. With respect to the quantization axis, the light’s linear polarization
along x can be expressed in the basis of right and left circular polarization as ex =
(eL − eR)/
√
2. This makes the probe a superposition of σ+ and σ− light, which
causes the transitions | f = 1/2,m = ±1/2 〉 → | f ′ = 1/2,m′ = ∓1/2 〉.
After absorbing a probe photon and being excited up to the f ′ manifold, the atom
returns to the ground state by spontaneously emitting a photon. Due to conserva-
tion of angular momentum, spontaneous emission can change the spin projection of
the atom. Like absorption, this change depends on the polarization of the emitted
photon with respect to the atomic quantization axis. Spontaneous emission of a σ+
photon changes the spin projection by ∆m = −1, which induces the transition
| f ′ = 1/2, 1/2 〉 → | f = 1/2,−1/2 〉 in Figs. 5.1 (a) and (b). When the atom in
Figs. 5.1 (a) and (b) spontaneously emits a σ− photon, changing the spin projec-
tion by ∆m = 1, it undergoes the transition | f ′ = 1/2,−1/2 〉 → | f = 1/2, 1/2 〉.
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Spontaneous emission of a pi photon does not change the spin projection number. In
Figs. 5.1 (a) and (b), spontaneous emission of a pi photon induces the transitions
| f ′ = 1/2,±1/2 〉 → | f = 1/2,±1/2 〉. From Figs. 5.1 (a) and (b), it is evident that
the total change in the spin projection of the atom from one cycle of absorption and
emission depends on the polarizations of both the absorbed and emitted photons.
5.2 Optical Pumping in the Higher Spin Alkali
Optical pumping affects higher spin alkali atoms in a similar fashion. As in the
f = 1/2 case, absorption of a σ± or pi photon changes the spin projection of the
atom by ∆m = ±1 or ∆m = 0. Likewise, emission of a σ± or pi photon alters the
spin projection by ∆m = ∓1 or ∆m = 0. There are several important differences,
however. One of the most significant differences is due to the presence of the second
ground hyperfine manifold when f > 1/2. Recall that when f > 1/2, an alkali atom
has two ground hyperfine manifolds with spins f± = i± 1/2, where i is the nuclear
spin. The ground hyperfine manifold with spin f , in which we prepare the atoms,
can be either f+ or f−. For reference, the energy levels of an alkali are depicted
in Fig. 3.1. Like f = 1/2, a higher spin alkali atom initially in the f manifold
transitions to a higher energy level when it absorbs a probe photon. Depending on
the color of the photon it spontaneously emits, however, the atom might be optically
pumped either back into the spin-f manifold or into the other ground hyperfine
manifold. When the detuning of the probe is sufficiently small compared to the
ground state hyperfine splitting, atoms pumped into the other ground manifold are
far off resonance, meaning that they are effectively lost from the system. For higher
spin alkalis, optical pumping reduces the number of atoms in the ensemble in addition
to changing the states of the atoms. Examples of optical pumping when the atom is
prepared in a ground hyperfine manifold with f = 4 are shown in Figs. 5.2 and 5.3.
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Figure 5.2: An alkali atom is prepared in the ground hyperfine manifold with
f = 4. The quantization axis of the atom is parallel to the linear polarization of
the probe. The solid line represents absorption of a photon from the probe and
the dashed lines represent spontaneous emission of a photon. The atom absorbs
a pi photon and transitions to the excited hyperfine multiplet. By spontaneously
emitting a σ+, σ− or pi photon, the atom transitions back to one of the ground
hyperfine manifolds. Whether the atom is optically pumped into f = 4 or f− = 3
depends on the color of the emitted photon.
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Figure 5.3: An alkali atom is prepared in the ground hyperfine manifold with
f = 4. The quantization axis of the atom is perpendicular to the linear po-
larization of the probe, making the light a superposition of σ+ and σ−. Solid
lines represent absorption of a photon from the probe and dashed lines represent
spontaneous emission of a photon. The grey dashed lines denote transitions with
negligibly small probability due to destructive interference. The atom absorbs
the superposition of σ+ and σ− and transitions to the excited hyperfine multiplet.
By spontaneously emitting a σ+, σ− or pi photon, the atom transitions back to
one of the ground hyperfine manifolds. The atom can be optically pumped into
f = 4 or f− = 3, depending on the color of the emitted photon.
5.2.1 Optical Pumping Master Equation
For an alkali atom prepared in the spin-f ground hyperfine manifold interacting
with a probe linearly polarized along x and detuned from the D1 or D2 line, optical
pumping is approximately described by the master equation [18]
dρˆ(i)
dt
∣∣∣
op
= −2γs
9
ρˆ(i) +
g2fγs
9
(
fˆ (i)y ρˆ
(i)fˆ (i)y + fˆ
(i)
z ρˆ
(i)fˆ (i)z
)
. (5.1)
Here, the photon scattering rate is γs = (NL/∆t) (σ0/A) (Γ
2/4∆2). This equation
neglects the tensor effects in optical pumping when the detuning is large compared
to the excited state hyperfine splitting, but small compared to the fine structure
splitting. The internal spin operators fˆ
(i)
y and fˆ
(i)
z act on the spin-f manifold. The
effect of loss into the other ground manifold is taken into account by the fact that
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this master equation is not trace preserving when f > 1/2. Although this master
equation acts only on the f manifold and, consequently, does not track the state
of the atom in the other ground manifold, the probability of finding the atom in
the f manifold decreases with time due to loss. This is sufficient to determine the
evolution of the ensemble observables that are relevant to spin squeezing since they
are composed of sums of internal spin operators on the f manifold.
To better understand how the master equation describes optical pumping, we
decompose it into the form
dρˆ(i)
dt
∣∣∣
op
= −Γopρˆ(i) +
∑
q
Wˆ (i)q ρˆ
(i)Wˆ (i)†q . (5.2)
Here, Γop = 2γs/3 is the total rate of optical pumping events and the Wˆ
(i)
q are
jump operators. The jump operators update the state of atom in the f manifold
conditioned upon the polarization of the emitted photon. The index q can take the
value +, 0 or −, representing the emission of a σ+, pi or σ− photon, respectively.
Assuming the detuning is large compared to the excited state hyperfine splitting,
the exact form of the jump operators depends upon the quantization of the atomic
spin relative to the probe polarization. For example, consider an atom quantized
parallel to the linear polarization of the probe along x. The jump operators in this
instance are approximately [18]
Wˆ
(i)
+ =
gf
3
√
γs
2
fˆ
(i)
− , (5.3)
Wˆ0 =
2
√
γs
3
I(i) (5.4)
and
Wˆ
(i)
− =
gf
3
√
γs
2
fˆ
(i)
+ , (5.5)
which correspond to absorption of a pi photon and emission of a σ+, pi and σ− photon,
respectively. By referring to Fig. 5.2, we see that each of these jump operators
updates the state of the atom how one would expect. The jump operators Wˆ
(i)
±
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change the spin projection by ∆m = ∓1 and the jump operator Wˆ (i)0 leaves the spin
projection unchanged. Alternatively, we can consider an atom quantized along z,
perpendicular to the linear polarization of the probe along x. For a quantization
axis along z in the limit of large detuning, the jump operators are approximately
Wˆ
(i)
+ =
√
γs
2
(
2
3
Iˆ(i) − gf
3
fˆ (i)z
)
, (5.6)
Wˆ0 =
gf
√
γs
3
fˆ (i)y (5.7)
and
Wˆ− =
√
γs
2
(
2
3
Iˆ(i) +
gf
3
fˆ (i)z
)
, (5.8)
corresponding to the absorption of a photon in a superposition of σ+ and σ− followed
by the emission of a σ+, pi and σ− photon, respectively. By referring to Fig. 5.3,
we can verify the action of these jump operators. When the detuning is significantly
larger than the excited state hyperfine splitting, interference between transitions to
the different spins f ′ in the excited hyperfine multiplet eliminates changes in the
spin projection of ∆m± 2. The jump operators Wˆ (i)± , therefore, effectively describe
absorption of a σ± photon followed by emission of of a σ± photon. These transitions
leave the atomic state unchanged, as indicated by the jump operators. The jump
operator Wˆ0 leaves the atom in a superposition of states with ∆m± 1, as it should
from Fig. 5.3.
Ultimately, the polarization of the probe should dictate the effects of optical
pumping and not the quantization axis we choose for the atomic spin. If we take
the jump operators defined in Eqs. (5.3)-(5.5) for a parallel quantization axis and
substitute them into the general master equation in Eq. (5.2), we will obtain the
master equation in Eq. (5.1). Likewise, if we take the jump operators defined in
Eqs. (5.6)-(5.8) for a perpendicular quantization axis and substitute them into the
general master equation in Eq. (5.2), we will again obtain the master equation in
Eq. (5.1). The quantization axis of the atom does not have any effect on optical
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pumping. We are, thus, free to choose the quantization axis that is more convenient
for a particular atomic state or problem at hand.
5.2.2 Ensemble Master Equation
The master equation describing the evolution of a single atom under optical pumping
in Eq. (5.1) is generalized to describe the ensemble of NA atoms as follows,
dρˆ
dt
∣∣∣
op
= −2γs
9
NA∑
i=1
I(i)ρˆ+
g2fγs
9
NA∑
i=1
(
fˆ (i)y ρˆfˆ
(i)
y + fˆ
(i)
z ρˆfˆ
(i)
z
)
. (5.9)
This equation gives the evolution of the ensemble state, ρˆ, as each atom, i, under-
goes optical pumping independently. For an ensemble identical under interchange of
atoms, taking the index i in Eq. (5.9) to k instead of NA gives the evolution of any
group of k atoms in the ensemble,
dρˆ(1,...,k)
dt
∣∣∣
op
=− 2γs
9
k∑
i=1
I(i)ρˆ(1,...,k) (5.10)
+
g2fγs
9
k∑
i=1
(
fˆ (i)y ρˆ
(1,...,k)fˆ (i)y + fˆ
(i)
z ρˆ
(1,...,k)fˆ (i)z
)
.
Because the master equation is not trace preserving, care must be taken in deriving
equations of motion for ensemble observables from Eq. (5.9). The equation of motion
for a kth order correlation function
〈
oˆ(1)...oˆ(k)
〉
, for example, follows directly from
ρˆ(1,...,k) in Eq. (5.10),
d
dt
〈
oˆ(1)...oˆ(k)
〉
= Tr
(
ρˆ(1,...,k)oˆ(1)...oˆ(k)
)
(5.11)
=− 2kγs
9
〈
oˆ(1)...oˆ(k)
〉
+
g2fγs
9
k∑
i=1
〈(
fˆ (i)y oˆ
(i)fˆ (i)y + fˆ
(i)
z oˆ
(i)fˆ (i)z
)
Πj 6=ioˆ(j)
〉
.
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5.3 Effects of Optical Pumping
Given a basic understanding of optical pumping, we now examine how it affects
the ensemble state and the observables relevant to spin squeezing. Optical pumping
has several harmful effects, which include a decay of the negative correlations that
create spin squeezing, a decay of the mean spin and an increase in the collective spin
variance that we are trying to squeeze. We explore optical pumping on an ensemble
initially prepared in | ↑ 〉⊗NA with fiducial state | ↑ 〉 and coupled state | ↓ 〉. To avoid
specifying a quantization axis for the atomic spins, we employ a master equation of
the form
dρˆ(1,...,k)
dt
∣∣∣
op
= −Γop
k∑
i=1
I(i)ρˆ(1,...,k) +
k∑
i=1
∑
q
Wˆ (i)q ρˆ
(1,...,k)Wˆ (i)†q , (5.12)
where the Wˆ
(i)
q are arbitrary jump operators and ρˆ(1,...,k) is the density operator of
any k atoms.
5.3.1 Growth of the Collective Spin Projection Variance
To understand the impact of optical pumping on the collective spin variance, we first
study the interatomic entanglement that causes this variance to become “squeezed”.
If the Bogoliubov transformation in Eq. (4.19) is rotated by pi/4, it creates pure
squeezing of the quadrature Xˆ↓, which is proportional to Fˆz under the multilevel HP
approximation. To lowest order in ξ/NA << 1, the spin squeezed state created by
the rotated Bogoliubov transformation is
|ψ 〉sq ≈ | ↑ 〉⊗NA − ξ
4NA
∑
i 6=j
| ↓i↓j 〉| ↑ 〉⊗(NA−2)6=i,j . (5.13)
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This is an entangled state where every two atoms i and j are pairwise correlated.
The density operator corresponding to this squeezed state is
ρˆsq ≈ (| ↑ 〉〈 ↑ |)⊗NA (5.14)
− ξ
4NA
∑
i 6=j
(| ↑i↑j 〉〈 ↓i↓j |+ | ↓i↓j 〉〈 ↑i↑j |) (| ↑ 〉〈 ↑ |)⊗NA−26=i,j .
Note that ρˆsq contains the term
cˆ(i, j) = (| ↑i↑j 〉〈 ↓i↓j |+ | ↓i↓j 〉〈 ↑i↑j |) , (5.15)
which is the coherence between two pairwise entangled atoms. To understand how
pairwise entanglement influences spin squeezing, we can calculate the correlation
term in Eq. (2.6) from cˆ(i, j),
〈∆fˆ (i)z ∆fˆ (j)z 〉i 6=j ≈ −
ξ
2NA
Tr(cˆ(i, j)∆fˆ (i)z ∆fˆ
(j)
z ) = −ξ(∆f 2z )↑/NA. (5.16)
Recall that collective spin squeezing requires this correlation term to be negative
in absence of internal spin squeezing. Equation (5.16) demonstrates that negative
correlations are fed by coherences of entangled, pairwise correlated states. Note also
that the magnitude of the correlation term is proportional to the variance of the
fiducial state.
Pairwise correlations decay at a rate dependent upon the choice of fiducial state,
making some state preparations more robust than others. To see this, we calculate
the evolution of the correlation term for the initial squeezed state in Eq. (5.14) over
a small time step ∆t using the master equation in Eq. (5.12),
〈∆fˆ (i)z ∆fˆ (j)z (∆t)〉i 6=j ≈ (1− 2Γop∆t) 〈∆fˆ (i)z ∆fˆ (j)z (0)〉i 6=j (5.17)
− ξ
NA
√
(∆f 2z )↑∆t
∑
q
(〈 ↑ |Wˆ †q∆fˆzWˆq| ↓ 〉+ 〈 ↓ |Wˆ †q∆fˆzWˆq| ↑ 〉).
The first term in this equation represents a decay of the initial correlation term due
to all optical pumping events. The second term, which updates the correlation term
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based upon the state of the atoms optically pumped back into the f manifold, is
proportional to the quantity
C(↑) =
√
(∆f 2z )↑
∑
q
(
〈 ↑ |Wˆ †q∆fˆzWˆq| ↓ 〉+ 〈 ↓ |Wˆ †q∆fˆzWˆq| ↑ 〉
)
(5.18)
= 2
√
(∆f 2z )↑
∑
q
Re
[
〈 q˜↑ |∆fˆz| q˜↓ 〉
]
. (5.19)
Here, | q˜↑ 〉 = Wˆq| ↑ 〉 and | q˜↓ 〉 = Wˆq| ↓ 〉 are the unnormalized states to which the
fiducial and coupled states are mapped after an optical pumping event. If the fiducial
and coupled states are mapped to states such that C(↑) > 0, negative correlations
are maintained by optical pumping. If C(↑) < 0, on the other hand, optical pump-
ing produces positive correlations. Consequently, squeezing decays more rapidly for
fiducial states where C(↑) < 0. Pairwise correlations also decay due to loss into the
other ground hyperfine manifold. Even if optical pumping back into the f manifold
preserves negative correlations, the total rate of optical pumping events is larger than
the rate of replenishment into the f manifold, signifying a net loss of atoms and a
decay of negative correlations.
As the ensemble undergoes optical pumping, the collective variance ∆F 2z is af-
fected both by the decay of negative correlations and by the variances of the states
in the f manifold to which the atoms are optically pumped. The variance of the
initial squeezed state in Eq. (5.14) after a small time step ∆t is
∆F 2z (∆t) ≈ (1− Γop∆t) ∆F 2z (0) + ΓopNAξ∆t(∆f 2z )↑
−NAξ∆tC(↑) +NA∆t
∑
q
〈 q˜↑ |(∆fˆz)2| q˜↑ 〉. (5.20)
The first and second terms in Eq. (5.20) are the decay of the collective variance
and the negative correlations, respectively, due to all optical pumping events. The
third term is the familiar update on the correlation term, while the fourth term is
a “noise injection” that results from optical pumping back into the f manifold. To
a first order approximation, the noise term only depends upon the variance of the
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state | q˜↑ 〉 to which the fiducial state is mapped. This occurs because the population
of atoms in the fiducial state remains much larger than the population of atoms
in the coupled state. As in the case of the correlation term, loss into the other
ground hyperfine manifold causes the collective variance to decay. The behavior of
the collective variance under optical pumping ultimately depends upon competition
between the noise injection, the decay of the correlation term and loss.
5.3.2 Decay of Mean Spin
In addition to increasing the variance of the collective spin, optical pumping causes
the mean spin to decay. Recall that the spin squeezing parameter in Eq. (2.13) is
inversely proportional to the square of the mean spin,
〈
Fˆx
〉
. A smaller mean spin,
thus, results in less metrologically useful spin squeezing. To good approximation
when NA >> 1 and χ << 1, the mean spin is given by〈
Fˆx
〉
=
〈
fˆx
〉
↑N↑ +
〈
fˆx
〉
↓N↓. (5.21)
Here, Nψ =
∑NA
i=1|ψ 〉〈ψ |i is a “population” quantifying the number of atoms in
state |ψ 〉. Because the ensemble begins in an eigenstate of the populations, N↑ and
N↓ have no initial variance. While N↑ and N↓ accumulate variance through optical
pumping, this variance influences the covariances of the ensemble observables as a
second order effect in the scattering rate, γs. We, thus, approximate the populations
as c-numbers.
Equation (5.21) enables us to track the decay of the mean spin through the
populations. The evolution of the populations under optical pumping is governed
primarily by two processes, loss and “spin flips”. Loss into the other ground hyperfine
manifold is a familiar concept. Spin flips, on the other hand, occur when an atom is
optically pumped from the fiducial state to the coupled state. While an atom could
also be flipped from the coupled state to the fiducial state in principle, this process
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does not contribute appreciably to the dynamics since the ensemble is prepared with
every atom in the fiducial state. The rate at which an atom in state |ψ 〉, where
ψ ∈ {↑, ↓}, is lost into the other ground hyperfine manifold is
Γloss,ψ = Γop −
∑
q
|〈ψ |Wˆq|ψ 〉|2. (5.22)
The rate of spin flips from | ↑ 〉 to | ↓ 〉 is given by
Γflip =
∑
q
|〈 ↓ |Wˆq| ↑ 〉|2. (5.23)
In terms of the loss and spin flip rates, the evolution of the mean spin over a small
time step ∆t is given by〈
Fˆx(∆t)
〉
=
〈
fˆx
〉
↑Nˆ↑(∆t) +
〈
fˆx
〉
↓Nˆ↓(∆t) (5.24)
≈〈fˆx〉↑(1− Γloss,↑∆t)Nˆ↑(0)+〈
fˆx
〉
↓
[
(1− Γloss,↓∆t)Nˆ↓(0) + Γflip∆tNˆ↑(0)
]
.
From Eq. (5.24), it is evident that loss causes the mean spin to decay. Because
loss also causes the collective variance to decay, however, damage to spin squeezing
is much reduced. In general, spin flips are more damaging to spin squeezing. Spin
flips destroy negative correlations at a rate depending upon C(↑). Because an atom
returns to the f manifold after a spin flip, there is no reduction in the collective
variance. The extent to which spin flips cause the mean spin to decay depends upon
the values of
〈
fˆx
〉
↑′ and
〈
fˆx
〉
↓′ , where | ↑′ 〉 and | ↓′ 〉 are the states to which the
fiducial and coupled states are mapped after post-processing. The partial isometries
discussed in Sec. 4.4 map the atoms to fiducial and coupled states for which
〈
fˆx
〉
↑′ >〈
fˆx
〉
↓′ , ensuring that every spin flip event reduces the mean spin.
5.4 Internal Spin Control and Optical Pumping
To make the multilevel Holstein-Primakoff approximation, we modeled the atoms
as an ensemble of embedded qubits composed of the fiducial and coupled states.
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As we have seen, optical pumping back into the f manifold takes the fiducial and
coupled states to the states | q˜↑ 〉 and | q˜↓ 〉, respectively, which may not be contained
in the subspace spanned by the embedded qubit. Through internal spin control,
however, we have the option of eliminating atoms that have been pumped outside
the embedded qubit subspace. Using microwave pulses, which induce transitions
between the ground hyperfine manifolds of alkali atoms, we can generate a map that
takes all states in the f manifold to the other ground hyperfine manifold, except
for the fiducial and coupled states. For example, suppose that our ensemble has
been prepared in a spin coherent state, where the fiducial and coupled states are
| ↑SCS 〉 = | f,mx = f 〉 and | ↓SCS 〉 = i| f,mx = f − 1 〉. Also suppose that the f
manifold is the ground hyperfine manifold with the larger spin quantum number, the
spin quantum number of the other ground hyperfine manifold being f − 1. Through
internal spin control, we can generate the unitary map
Uˆ− =
NA⊗
i=1
(
| f,mx = f 〉〈 f,mx = f |i+| f,mx = f − 1 〉〈 f,mx = f − 1 |i (5.25)
+
f−2∑
m=−f
| f − 1,mx = m+ 1 〉〈 f,mx = m |i
)
. (5.26)
The unitary Uˆ− has no effect upon the embedded qubit, but maps all other states
in the f manifold to the ground manifold with spin f − 1. After applying Uˆ− or a
similar unitary operation on the internal spin, all optical pumping events outside the
embedded qubit are equivalent to loss.
In addition to ensuring the validity of the embedded qubit approximation, this
control has a substantial impact on the evolution of the projection noise. Recall that
the noise injection in Eq. (5.20) increases with the variance of | q˜↑ 〉. If a component of
| q˜↑ 〉 is contained outside the subspace spanned by the embedded qubit, mapping all
states outside the embedded qubit subspace to the other ground manifold will reduce
the noise injection. If | q˜↑ 〉 lies entirely outside of the embedded qubit subspace, its
contribution to the noise injection will be completely eliminated. Consequently, the
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only states contributing to the noise injection are the fiducial and coupled state. The
amount that the noise injection contributes to the overall collective spin variance ul-
timately depends upon the magnitudes of 〈 ↑′ |(∆fˆz)2| ↑′ 〉 and 〈 ↓′ |(∆fˆz)2| ↓′ 〉, where
| ↑′ 〉 and | ↓′ 〉 are the states to which the fiducial and coupled states are mapped
after post-processing.
5.5 A Detailed Look at The SCS
To apply the ideas of the previous sections, we now examine the effects of optical
pumping on the SCS preparation in detail. For conceptual purposes, we neglect the
bias magnetic field along the z-axis. Optical pumping in the presence of the bias
magnetic field will be treated in Chapter 6. Because the fiducial state of the SCS
preparation is | ↑SCS 〉 = | f,mx = f 〉, it is natural to take the quantization axis
of the atomic spin to be along x, parallel to the probe polarization. The optical
pumping processes permitted in this configuration are depicted in Fig. 5.4 (a) and
(b). Note that when an atom absorbs a pi photon and then returns to the f manifold
by emitting a pi photon, its state is unchanged. Therefore, we concentrate on the
two other optical pumping processes within the f manifold: (1) the atom absorbs a
pi polarized photon from the probe and emits a σ+ photon and (2) the atom absorbs
a pi polarized photon from the probe and emits a σ− photon. These optical pumping
processes are described by the jump operators Wˆ± in Eqs. (5.3) and (5.5). Because
the expected number of atoms in the fiducial state remains large and an atom in the
magnetic sublevel mx = f cannot emit a σ− photon, process (2) does not contribute
appreciably to the decoherence of the atomic state. Process (1), thus, is the dominant
effect for the SCS.
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Figure 5.4: Optical pumping processes permitted in the SCS preparation. In (a)
and (b), the polarization of the probe is parallel to the quantization axis of the
atomic spin, meaning that it is pi polarized. Fig. (a) shows the absorption of a pi
polarized photon followed by the emission of a pi polarized photon. This process
does not change the spin state of the atom. Fig. (b) shows the absorption of a
pi polarized photon followed by the emission of a σ+ polarized photon, causing
the projection of the atom’s angular momentum along x to decrease by 1. Not
pictured is the absorption of a pi polarized photon and the emission of a σ−
photon. This process is prohibited when the atom remains in the fiducial state,
the state with maximal spin projection along x. Although the atom can emit a
σ− photon after it has been optically pumped into the coupled state, this is a
second order effect. Consequently, the absorption of a pi polarized photon and
the emission of a σ− photon does not contribute appreciably to the dynamics
when the ensemble is prepared in the SCS preparation.
Process (1) is a spin flip, sending | ↑SCS 〉 = | f,mx = f 〉 to | ↓SCS 〉 =
i| f,mx = f − 1 〉 up to a global phase, as depicted in Fig. 5.4 (b). While the
fiducial state “flips” to the coupled state, the coupled state is sent to another state,
| f,mx = f−2 〉, up to a global phase. Using internal spin control, we could eliminate
this state by sending it to the other ground manifold. However, an examination of
the pairwise entanglement that creates spin squeezing reveals that this is not the
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optimal thing to do. Consider how the squeezed state in Eq. (5.14) for an initial
fiducial state | ↑SCS 〉 transforms when one of the atoms undergoes process (1),
Wˆ
(1)
+ ρˆsqWˆ
(1)†
+ ∝ 2f | ↓SCS 〉〈 ↓SCS |1 (| ↑SCS 〉〈 ↑SCS |)⊗(NA−1)6=1 (5.27)
− ξ
√
f(2f − 1)
NA
∑
j 6=1
(| ↓SCS 〉1| ↑SCS 〉j〈 f − 2 |1〈 ↓SCS |j+h.c.)
× (| ↑SCS 〉〈 ↑SCS |)⊗NA−26=1,j
− ξf
2NA
| ↓SCS 〉〈 ↓SCS |1
∑
i 6=j, i,j 6=1
(| ↑SCS 〉i| ↑SCS 〉j〈 ↓SCS |i〈 ↓SCS |j+h.c.)
× (| ↑SCS 〉〈 ↑SCS |)⊗NA−36=1,i,j .
Here, | f − 2 〉 is shorthand for | f,mx = f − 2 〉. In the state above, atom 1 has
been “flipped”. From this state, we can calculate the contribution of atom 1 to the
negative correlations in Eq. (2.6),
〈∆fˆ (j)z ∆fˆ (1)z 〉j 6=1 =−
ξ
√
f(2f − 1)
NA
〈 f − 2 |1〈 ↓SCS |j∆fˆ (j)z ∆fˆ (1)z | ↓SCS 〉1| ↑SCS 〉j
+ c.c. (5.28)
=− ξf(2f − 1)
NA
. (5.29)
After the optical pumping event, pairwise coherences between | ↓SCS 〉 and
| f − 2 〉 take the place of pairwise coherences between | ↑SCS 〉 and | ↓SCS 〉, feeding
the negative correlations that generate spin squeezing. By mapping | f − 2 〉 to the
other ground hyperfine manifold, we destroy negative correlations.
To understand this another way, we can write fˆz in the basis of eigenstates of fˆx
as
fˆz =
√
f
2
(
i| f − 1 〉〈 f | − i| f 〉〈 f − 1 |
)
(5.30)
+
√
2f − 1
2
(
i| f − 2 〉〈 f − 1 | − i| f − 1 〉〈 f − 2 |
)
.
The collective spin Fˆz becomes
Fˆz =
√
f
2
Σˆf−1 +
√
2f − 1
2
Σˆf−2, (5.31)
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where Σˆf−1 =
∑NA
j=1(i| f − 1 〉〈 f |j − i| f 〉〈 f − 1 |j) and Σˆf−2 =∑NA
j=1(i| f −2 〉〈 f −1 |j− i| f −1 〉〈 f −2 |j). Note that Σˆf−1 is related to the position
quadrature Xˆ↓ since | ↑SCS 〉 = | f 〉 and | ↓SCS 〉 = i| f−1 〉. In terms of the operators
Σˆf−1 and Σˆf−2, the collective spin variance is given by
∆F 2z =
f
2
∆Σ2f−1 +
√
f(2f − 1)
2
〈
∆Σˆf−1∆Σˆf−2 + ∆Σˆf−2∆Σˆf−1
〉
(5.32)
+
2f − 1
2
∆Σ2f−2.
The second term in this expression, which is the covariance between the operators
Σˆf−1 and Σˆf−2, contains negative correlations that contribute to spin squeezing.
These correlations are fed by pairwise coherences in of the form in Eq. (5.27) between
atoms 1 and j. If we eliminate the state | f − 2 〉, the second term disappears and
the variance becomes
∆F 2z =
f
2
∆Σ2f−1 +
2f − 1
2
N↓SCS . (5.33)
When | f − 2 〉 is absent, negative correlations that reduce the variance are lost.
Though it may seem counterintuitive, preserving | f − 2 〉 in addition to the fiducial
and coupled states produces more spin squeezing.
5.6 Transfers of Coherence
While internal spin control can reduce the noise injection and allow us to continue
modeling our atoms as embedded qubits, eliminating all states besides the fiducial
and coupled states is not always advantageous, as shown in the previous section. In
the case of the SCS preparation, we saw that preserving the state | f,mx = f − 2 〉
maintains negative correlations that create spin squeezing. We call a state such as
| f,mx = f −2 〉, which contributes to negative correlations in the presence of optical
pumping, a “transfer state”. In this section, we explore the existence of transfer
states for arbitrary state preparations.
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We first follow a procedure similar to Sec. 3.3.4 and expand fˆz in terms of the
fiducial state, the coupled state and a third state, | o 〉, orthogonal to both the fiducial
and the coupled states,
fˆz ≈ (| ↑ 〉〈 ↑ |+ | ↓ 〉〈 ↓ |+ | o 〉〈 o |)fˆz(| ↑ 〉〈 ↑ |+ | ↓ 〉〈 ↓ |+ | o 〉〈 o |)
=
√
(∆f 2z )↑ (| ↑ 〉〈 ↓ |+| ↓ 〉〈 ↑ |) +
√
(∆f 2z )↓−(∆f 2z )↑ (| ↓ 〉〈 o |+| o 〉〈 ↓ |) . (5.34)
Note that by the definition of the coupled state, 〈 o |fˆz| ↑ 〉 =
√
(∆f 2z )↑〈 o | ↓〉 =
0, which explains the absence of terms coupling | ↑ 〉 and | o 〉 in Eq. (5.34). For
simplicity, we have also assumed that
〈
fˆz
〉
↑ =
〈
fˆz
〉
↓ =
〈
fˆz
〉
o = 0. States that satisfy
this criteria, such as the SCS, cat and mx = 0 state preparations, are natural to
consider for spin squeezing. This assumption will be relaxed in Chapter 7.
The third orthogonal state in Eq. (5.34), which we denoted | o 〉, is the transfer
state. Although we will demonstrate this more rigorously below, compare Eq. (5.34)
to the expansion of fˆz for the SCS preparation in Eq. (5.30). The state −| f,mx =
f − 2 〉 in Eq. (5.30), which is the transfer state for the SCS preparation, takes the
place of | o 〉. From Eq. (5.34), we can determine a general expression for the transfer
state in terms of the coupled and fiducial states. When
√
(∆f 2z )↓−(∆f 2z )↑ 6= 0, the
transfer state is given by
| o 〉 = 1√
(∆f 2z )↓−(∆f 2z )↑
(
fˆz| ↓ 〉 −
√
(∆f 2z )↑| ↑ 〉
)
. (5.35)
As discussed in Sec. 5.3.1, the behavior of negative correlations under optical
pumping is governed by the quantity C(↑), given in Eq. (5.18). Recall that when
C(↑) > 0, negative correlations are preserved. Substituting Eq. (5.34) into Eq.
(5.18) yields an expression for C(↑) in terms of the fiducial, coupled and transfer
states,
C(↑) =(∆f 2z )↑
∑
q
Re[〈q˜↑| ↑〉〈↓ |q˜↓〉+ 〈q˜↑| ↓〉〈↑ |q˜↓〉] (5.36)
+
√
(∆f 2z )↑((∆f 2z )↓ − (∆f 2z )↑)
∑
q
Re[〈q˜↑| ↓〉〈o|q˜↓〉+ 〈q˜↑|o〉〈↓ |q˜↓〉].
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The first term in this expression depends upon coherences between | ↑ 〉 and | ↓ 〉. The
second term, which depends upon coherences between | ↓ 〉 and | o 〉, determines the
influence of the transfer state on negative correlations.
To gain insight, we analyze the second term in Eq. (5.36) in greater detail. The
components of the second term for each q are proportional to
Co(↑, q) = Re [〈q↑| ↓〉〈o|q↓〉+ 〈q↑|o〉〈↓ |q↓〉] , (5.37)
where | q↑ 〉 and | q↓ 〉 are the normalized versions of | q˜↑ 〉 = Wˆq| ↑ 〉 and
| q˜↓ 〉 = Wˆq| ↓ 〉. We first consider two cases in which Co(↑, q) is maximal,
(1) 〈q↑| ↓〉〈o|q↓〉 = 1 and 〈q↑|o〉〈↓ |q↓〉 = 0 (5.38)
and
(2) 〈q↑| ↓〉〈o|q↓〉 = 0 and 〈q↑|o〉〈↓ |q↓〉 = 1. (5.39)
Recall that the noise injection in Eq. (5.20) is proportional to 〈 q↑ |(∆fˆz)2| q↑ 〉, the
variance of the state to which the fiducial state is optically pumped. In case (2),
the fiducial state is mapped to the transfer state. As a consequence, the transfer
state contributes to the noise injection. Although preserving | o 〉 maximizes C(↑)
and the magnitude of the correlation term, this can be offset by a large injection
of noise. Whether or not it is beneficial to retain the transfer state depends on
the strength of its contribution to the negative correlations relative to the noise
injection. If the contribution to the noise injection is larger, it is optimal to eliminate
the noise injection by mapping the transfer state to the other hyperfine manifold.
The situation is different for case (1), in which the fiducial state is mapped to the
coupled state and the coupled state to the transfer state. In this case, the noise
injection is proportional to 〈 ↓ |(∆fˆz)2| ↓ 〉. Even if the noise injection is larger than
the magnitude of the correlation update term, eliminating the coupled state through
microwave control would destroy all beneficial pairwise correlations between | ↑ 〉 and
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| ↓ 〉. It is instead advantageous to maximize C(↑) by retaining | o 〉. This is the case
in the SCS preparation.
From Eqs. (5.20) and (5.36), we can determine the exact contribution of the
transfer state to the negative correlations and to the noise injection. However, Eq.
(5.20) presupposes that the ensemble was initially in a pure, highly squeezed state.
In practice, we apply our squeezing protocols to states which are not squeezed at
the initial time. As a consequence, the magnitude of the correlation update term is
nearly always smaller than the noise injection. In this case, any contribution that
the transfer state makes to the noise injection should be eliminated by mapping the
transfer state to the other ground manifold. Preserving the transfer state is beneficial
when the following conditions hold:
(1) T (↑) =
∑
q
Re [〈q↑| ↓〉〈o|q↓〉] > 0 (5.40)
and
(2) N(↑) =
∑
q
|〈q↑|o〉|2 = 0. (5.41)
The first condition ensures that the transfer state contributes positively to C(↑),
while the second condition guarantees that the transfer state does not contribute to
the noise injection. There is a deeper physical meaning to condition (1), however.
Recall from Eq. (5.16) that negative correlations are fed by pairwise coherences
between the fiducial and coupled states of the form | ↑i↑j 〉〈 ↓i↓j |+h.c.. Condition (1)
being satisfied indicates that an optical pumping process transforms these coherences
from | ↑i↑j 〉〈 ↓i↓j | + h.c. to | ↑i↓j 〉〈 ↓i oj | + h.c.. When T (↑) > 0, these transformed
coherences feed negative correlations and generate spin squeezing. For this reason,
we call this optical pumping process a “transfer of coherence” [41]. We can take
advantage of a transfer of coherence, if one exists, by preserving the transfer state
| o 〉 and mapping all other states outside the embedded qubit to the other ground
manifold.
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Chapter 6
Optical Pumping and the
Covariance Matrix Update
Formalism
Having closely examined optical pumping, the principle source of decoherence in
our system, we now seek to explore its effect on the achievable spin squeezing. As
discussed in the previous chapter, retaining the transfer state in addition to the
fiducial and coupled states can preserve negative correlations that would otherwise
be lost to optical pumping. In cases where preserving the transfer state is beneficial,
we model each atom as an embedded qutrit consisting of the fiducial, coupled and
transfer states. Whereas the relevant ensemble observables in the embedded qubit
case were the quadratures Xˆ↓ and Pˆ↓, an expanded number of ensemble observables
is required when we treat the atoms as embedded qutrits. Working in the Heisenberg
picture, we determine the evolution of the means and covariances of these observables
under both coherent squeezing dynamics and decoherence from optical pumping.
For particular fiducial states, the multilevel Holstein-Primakoff approximation can
be revised to accommodate the transfer state. When this approximation holds, the
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ensemble is a Gaussian state on two oscillator modes. This enables us to utilize the
Gaussian formalism of Sec. 3.6 and the squeezing protocols of Chapter 4 to track
the evolution of the ensemble and light through the covariance matrix.
6.1 New Ensemble Observables
Preserving the transfer state in addition to the coupled and fiducial states produces
an ensemble where each atomic spin is modeled as an embedded qutrit with basis
states | ↑ 〉, | ↓ 〉 and | o 〉. Operators on the qutrit state of a single atomic spin can be
decomposed in terms of an operator basis
xˆ↓↑ =
1√
2
(| ↓ 〉〈 ↑ |+ | ↑ 〉〈 ↓ |) (6.1)
yˆ↓↑ =
i√
2
(| ↓ 〉〈 ↑ | − | ↑ 〉〈 ↓ |) (6.2)
xˆo↓ =
1√
2
(| o 〉〈 ↓ |+ | ↓ 〉〈 o |) (6.3)
yˆo↓ =
i√
2
(| o 〉〈 ↓ | − | ↓ 〉〈 o |) (6.4)
xˆ↑o =
1√
2
(| ↑ 〉〈 o |+ | o 〉〈 ↑ |) (6.5)
yˆ↑o =
i√
2
(| ↑ 〉〈 o | − | o 〉〈 ↑ |) (6.6)
nˆ↑ = | ↑ 〉〈 ↑ | (6.7)
nˆ↓ = | ↓ 〉〈 ↓ | (6.8)
and
nˆo = | o 〉〈 o |. (6.9)
Note that the operators xˆij and yˆij are Pauli spin operators expressed in the basis
{| i 〉, | j 〉}, but with a different normalization convention. By summing these oper-
ators over all atoms, we obtain a basis for collective operators on the ensemble of
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embedded qutrits,
Xˆ↓↑ =
NA∑
i=1
xˆ
(i)
↓↑ =
1√
2
∑
i
(| ↓ 〉〈 ↑ |i + | ↑ 〉〈 ↓ |i) (6.10)
Yˆ↓↑ =
NA∑
i=1
pˆ
(i)
↓↑ =
i√
2
NA∑
i=1
(| ↓ 〉〈 ↑ |i − | ↑ 〉〈 ↓ |i) (6.11)
Xˆo↓ =
NA∑
i=1
xˆ
(i)
o↓ =
1√
2
NA∑
i=1
(| o 〉〈 ↓ |i + | ↓ 〉〈 o |i) (6.12)
Yˆo↓ =
NA∑
i=1
pˆ
(i)
o↓ =
i√
2
NA∑
i=1
(| o 〉〈 ↓ |i − | ↓ 〉〈 o |i) (6.13)
Xˆ↑o =
NA∑
i=1
xˆ
(i)
↑o =
1√
2
NA∑
i=1
(| ↑ 〉〈 o |i + | o 〉〈 ↑ |i) (6.14)
Yˆ↑o =
NA∑
i=1
pˆ
(i)
↑o =
NA∑
i=1
i√
2
(| ↑ 〉〈 o |i − | o 〉〈 ↑ |i) (6.15)
N↑ =
NA∑
i=1
nˆ
(i)
↑ =
NA∑
i=1
| ↑ 〉〈 ↑ |i (6.16)
N↓ =
NA∑
i=1
nˆ
(i)
↓ =
NA∑
i=1
| ↓ 〉〈 ↓ |i (6.17)
and
No =
NA∑
i=1
nˆ
(i)
o =
NA∑
i=1
| o 〉〈 o |i. (6.18)
The first six ensemble observables in Eqs. (6.10)-(6.15) are collective pseudo spin
operators on the ensemble of embedded qutrits. Note that the first two pseudo spins,
Xˆ↓↑ and Yˆ↓↑, are related to the ensemble quadratures, Xˆ↓ and Pˆ↓. By writing Xˆ↓↑
and Yˆ↓↑ in the Schwinger representation and linearizing the operators in the ↑ mode,
we obtained Xˆ↓ and Pˆ↓ in Sec. 3.3.3. The final three ensemble observables in Eqs.
(6.16)-(6.18) are the familiar populations, which quantify the number of atoms in
the fiducial, coupled and transfer states.
The central focus of this chapter is solving for the squeezing parameter as a func-
tion of time while the ensemble undergoes both spin squeezing and optical pumping.
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Recall that the metrological squeezing parameter in Eq. (2.13) depends upon the
collective spin variance, the mean spin and the total number of atoms in the f man-
ifold. All of these quantities can be expressed in terms of the means and covariances
of the unnormalized quadratures and the populations. In absence of post-processing
via internal spin control, the collective spin variance, the mean spin and the total
atom number are given by
∆F 2z = v(↑)2∆Xˆ2↓↑ + 2v(↑)w(↑)
〈
∆Xˆ↓↑∆Xˆo↓
〉
S
+ w(↑)2∆Xˆ2o↓, (6.19)〈
Fˆx
〉
=
〈
fˆx
〉
↑N↑ +
〈
fˆx
〉
↓N↓ +
〈
fˆx
〉
oNo (6.20)
and
N = N↑ +N↓ +No. (6.21)
Here, the functions v(↑) and w(↑) depend on the variances of the fiducial and coupled
states,
v(↑) =
√
2(∆f 2z )↑ (6.22)
and
w(↑) =
√
2(∆f 2z )↓ − 2(∆f 2z )↑. (6.23)
By tracking the collective pseudo spins and populations as a function of time, we
can calculate the squeezing parameter.
6.2 Equations of Motion Under Optical Pumping
In order to determine the evolution of the correlation functions, we must describe
their dynamics under optical pumping. We utilize the master equation description
of optical pumping introduced in Chapter 5. In a realistic implementation of a
squeezing protocol based on the Faraday interaction, one introduces a bias magnetic
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field in the direction of the light’s propagation along z to fix the quantization axis
of the atoms. The bias field necessitates that we transform into a frame rotating at
the Larmor frequency about z, as described in Sec. 3.1. In the rotating frame, the
the master equation in Eq. (5.9) becomes
dρˆ
dt
∣∣∣
op
=− 2γs
9
ρˆ
∑
i=1
I(i) +
g2fγs
9
∑
i=1
(
fˆ (i)z ρˆfˆ
(i)
z +
1
2
fˆ (i)y ρˆfˆ
(i)
y +
1
2
fˆ (i)x ρˆfˆ
(i)
x
)
(6.24)
=γs
∑
i
D(i)(ρˆ). (6.25)
This master equation describes optical pumping of the ensemble resulting from the
absorption of photons with equal probability of being polarized along x or y.
6.2.1 Dynamics of First Order Moments
To begin, we determine the equation of motion for first order collective operators
under optical pumping. By summing Eq. (6.24) over a single i, we obtain the
equation of motion for the density matrix of an individual atom,
dρˆ(i)
dt
∣∣∣
op
= γsD(i)(ρˆ(i)). (6.26)
Evolution of a first order collective operator Oˆ =
∑NA
i=1 oˆ
(i) follows from Eq. (6.26),
d
dt
Oˆ
∣∣∣
op
= γs
NA∑
i=1
D(i)(oˆ(i)). (6.27)
This expression for dOˆ/dt|op can be decomposed in terms of the collective pseudo
spins and populations as
d
dt
Oˆ
∣∣∣
op
=γsTr(D(oˆ)xˆ↓↑)Xˆ↓↑ + γsTr(D(oˆ)pˆ↓↑)Pˆ↓↑ + γsTr(D(oˆ)xˆo↓)Xˆo↓ (6.28)
+ γsTr(D(oˆ)pˆo↓)Pˆo↓ + γsTr(D(oˆ)xˆ↑o)Xˆ↑o + γsTr(D(oˆ)pˆ↑o)Pˆ↑o
+ γsTr(D(oˆ)nˆ↑)N↑ + γsTr(D(oˆ)nˆ↓)N↓ + γsTr(D(oˆ)nˆo)No.
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Calculating the mean spin and total atom number requires knowledge of the pop-
ulations in the fiducial, coupled and transfer states. From Eq. (6.28), the evolution
of a population Nφ is given by
dNφ
dt
∣∣∣
op
=γsTr(D(nˆφ)xˆ↓↑)
〈
Xˆ↓↑
〉
+ γsTr(D(nˆφ)pˆ↓↑)
〈
Pˆ↓↑
〉
(6.29)
+ γsTr(D(nˆφ)xˆo↓)
〈
Xˆo↓
〉
+ γsTr(D(nˆφ)pˆo↓)
〈
Pˆo↓
〉
+ γsTr(D(nˆφ)xˆ↑o)
〈
Xˆ↑o
〉
+ γsTr(D(nˆφ)pˆ↑o)
〈
Pˆ↑o
〉
+ γsTr(D(nˆφ)nˆ↑)N↑ + γsTr(D(nˆφ)nˆ↓)N↓ + γsTr(D(nˆφ)nˆo)No,
for φ ∈ {↑, ↓, o}. For an ensemble prepared in the state | ↑ 〉⊗NA , the means of the
collective pseudo spins are initially zero. The population of atoms in the fiducial
state, on the other hand, is extremely large with N↑ >> 1. Although the means of
the pseudo spins can become nonzero if they are coupled to N↑ by their equations
of motion, they remain much smaller than N↑. Because their influence upon the
populations is second order in the scattering rate, the means of the pseudo spins can
be eliminated from the equation of motion above, leaving
dNφ
dt
∣∣∣
op
= γsTr(D(nˆφ)nˆ↑)N↑ + γsTr(D(nˆφ)nˆ↓)N↓ + γsTr(D(nˆφ)nˆo)No. (6.30)
The result is a set of closed differential equations that couple the populations to one
another.
6.2.2 Dynamics of Second Order Moments
We next turn our attention to calculating the equation of motion for the second
order collective operators. Specifically, we focus on the covariances between collective
operators, which are essential for determining the collective spin variance. Deriving
these equations of motion requires the master equation describing the evolution of
any two atoms in the ensemble, i and j,
dρˆ(i,j)
dt
∣∣∣
op
= γsD(i)(ρˆ(i,j)) + γsD(j)(ρˆ(i,j)). (6.31)
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This master equation follows from taking the sum in Eq. (6.24) over the two indices i
and j. From dρˆ(i,j)/dt we obtain the evolution of a second-order correlation function,
d
dt
〈
∆oˆ(i)∆aˆ(j)
〉
S, i 6=j
∣∣∣
op
=γs
〈
∆D(i)(oˆ(i))∆aˆ(j)〉
S, i 6=j (6.32)
+ γs
〈
∆oˆ(i)∆D(j)(aˆ(j))〉
S, i 6=j.
Here and throughout, the notation
〈
∆xˆ∆yˆ
〉
S
on two operators xˆ and yˆ is shorthand
for the covariance
〈
∆xˆ∆yˆ + ∆yˆ∆xˆ
〉
/2. For two collective operators Oˆ =
∑
i oˆ
(i)
and Aˆ =
∑
i aˆ
(i), the covariance depends on both first and second order correlation
functions, i.e. both single-atom and two-atom expectation values,
〈
∆Oˆ∆Aˆ
〉
S
=
∑
i 6=j
〈
∆oˆ(i)∆aˆ(j)
〉
S
+
∑
i
〈
∆oˆ(i)∆aˆ(i)
〉
S
. (6.33)
To obtain the evolution of this covariance under optical pumping, we employ the
equations of motion for first and second order correlation functions given in Eqs.
(6.27) and (6.32), which yield
d
dt
〈
∆Oˆ∆Aˆ
〉
S
∣∣∣
op
=γs
NA∑
i=1
〈
∆D(i)(oˆ(i))∆Aˆ〉
S
(6.34)
+ γs
NA∑
j=1
〈
∆Oˆ∆D(j)(aˆ(j))〉
S
+
γs
2
NA∑
i=1
〈D(i)({oˆ(i), aˆ(i)})〉− γs
2
NA∑
i=1
〈{D(i)(oˆ(i)), aˆ(i)}〉
− γs
2
NA∑
i=1
〈{oˆ(i),D(i)(aˆ(i))}〉.
We refer to the final three terms, collectively as the “noise term”. Note that the noise
term is a first order collective operator, while the remaining terms of Eq. (6.34) are
second order. The contribution to the noise term from each atom is proportional to
the superoperator
N (oˆ, aˆ) = 1
2
D({oˆ, aˆ})− 1
2
{D(oˆ), aˆ} − 1
2
{oˆ,D(aˆ)}, (6.35)
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which acts upon the two internal spin operators oˆ and aˆ.
Utilizing the collective operator basis of the pseudo spins and populations, we
can decompose the equation of motion for
〈
∆Oˆ∆Aˆ
〉
S
in a manner analogous to the
equation of motion for the first order operator, Oˆ. The evolution of
〈
∆Oˆ∆Aˆ
〉
S
becomes
d
dt
〈
∆Oˆ∆Aˆ
〉
S
∣∣∣
op
=γs
∑
Xˆ∈S
Tr(D(oˆ)xˆ)〈∆Xˆ∆Aˆ〉
S
(6.36)
+ γs
∑
Xˆ∈S
Tr(D(aˆ)xˆ)〈∆Oˆ∆Xˆ〉
S
+ γsTr(N (oˆ, aˆ)nˆ↑)N↑ + γsTr(N (oˆ, aˆ)nˆ↓)N↓
+ γsTr(N (oˆ, aˆ)nˆo)No
where Xˆ =
∑NA
i=1 xˆ
(i) and S = {Xˆ↓↑, Yˆ↓↑, Xˆo↓, Yˆo↓, Xˆ↑o, Yˆ↑o}. Because we treat the
populations as c-numbers, ∆N↑ ≈ ∆N↓ ≈ ∆No ≈ 0. The covariances in the equation
of motion for
〈
∆Oˆ∆Aˆ
〉
S
are, therefore, between the collective pseudo spins alone. As
in the case of the equation of motion for the populations, the means of the collective
pseudo spins remain small, enabling us to decompose the noise term as a sum of
populations.
6.3 Revising the Multilevel Holstein Primakoff
Approximation
In order to implement the squeezing protocols of Chapter 4, we represented the en-
semble as a Gaussian state on a single bosonic mode. This was accomplished through
the multilevel Holstein Primakoff approximation, which relied upon describing each
atom as an embedded qubit consisting of the fiducial and coupled states. As we have
argued, retaining the transfer state in addition to the fiducial and coupled states can
increase the robustness of a state preparation to optical pumping. In this section,
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we modify the multilevel Holstein-Primakoff approximation in order to preserve the
transfer state. When the master equation describing optical pumping and the fiducial
state satisfy certain properties, the ensemble becomes a Gaussian state on two effec-
tive collective spin modes. We adapt the squeezing protocols presented in Chapter 4
to accommodate the state of the light and atomic ensemble, which becomes a three
mode Gaussian. Optical pumping can be expressed as a Gaussian channel upon the
system covariance matrix, enabling us to combine coherent squeezing dynamics with
dissipation.
6.3.1 Effective Collective Spin Modes
In Sec. 6.1, we introduced the collective pseudo spin operators, which together with
the populations, form a basis for operators on the ensemble of embedded qutrits. Of
the collective pseudo spins defined in Eqs. (6.10)-(6.15), the operators Xˆ↓↑, Yˆ↓↑, Xˆo↓
and Yˆo↓ contain the coherences that generate spin squeezing. Recall that pairwise
coherences between the fiducial and coupled states and between the coupled and
transfer states create negative correlations that reduce ∆F 2z . Consider the commu-
tator between a collective pseudo spin with subscript ↓↑ and another with subscript
o↓. For dˆ ∈ {Xˆ, Yˆ }, this commutator is of the form
[dˆ↓↑, dˆo↓] =
NA∑
i=1
(C↑o| ↑ 〉〈 o |i + Co↑| o 〉〈 ↑ |i) , (6.37)
where C↑o and Co↑ are complex constants. In cases where coherences between the
fiducial and transfer states are negligible, the quadratures with subscripts ↓↑ and o↓
approximately commute like two bosonic modes.
In general, coherences between the fiducial and transfer states are not negligible.
As discussed in Sec. 5.3, squeezing protocols develop pairwise coherences between
the fiducial coupled states of the form | ↑i↑j 〉〈 ↓i↓j |+h.c.. For certain fiducial states,
optical pumping can transform these pairwise coherences into coherences of the form
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| ↑i↑j 〉〈 ↓i oj | + h.c.. While
〈| o 〉〈 ↑ |〉 = 〈| ↑ 〉〈 o |〉 = 0 when these pairwise coher-
ences are present, second order moments involving coherences between the fiducial
and transfer states are not necessarily zero. Consider, for example, the covariance〈
∆Xˆ↓↑∆Xˆ↑o
〉
S
. The pairwise coherences | ↑i↑j 〉〈 ↓i oj |+ h.c. contribute positively to
this second order moment, since
〈 ↓i oj |(∆Xˆ↓↑∆Xˆ↑o)S| ↑i↑j 〉 = 1
2
. (6.38)
Consequently, we cannot neglect the value of the commutator in Eq. (6.37) if the
pairwise coherences | ↑i↑j 〉〈 ↓i oj |+ h.c. are present.
In order for operators on the “modes” ↓↑ and o ↓ to commute, the fiducial state
and the master equation describing optical pumping must satisfy certain properties.
If the condition in Eq. (5.41) holds, which guarantees that preserving the transfer
state is beneficial for spin squeezing, optical pumping creates the pairwise coherences
| ↑i↑j 〉〈 ↓i oj |+ h.c. only when there exists a jump operator Wˆq such that both
〈 ↑ |Wˆq| ↑ 〉 6= 0 and 〈 ↓ |Wˆq| o 〉 6= 0. Pairwise coherences between the fiducial and
transfer states do not develop as long as∑
q
Re[〈 ↑ |Wˆq| ↑ 〉〈 ↓ |Wˆ †q | o 〉] = 0. (6.39)
For the remainder of this section, we consider only the case in which this condition
holds. In Chapter 7, we treat the most general case in which pairwise coherences
between the fiducial and transfer state are permitted to develop.
The condition in Eq. (6.39) being satisfied implies that
[dˆ↓↑, dˆo↓] ≈ 0. (6.40)
The ensemble becomes a state on two effective collective spin modes, ↓↑ and o↓. The
collective pseudo spins Xˆ↓↑, Yˆ↓↑, Xˆo↓ and Yˆo↓ are conjugate observables on these effec-
tive oscillator modes. There are several key differences between the collective pseudo
spins and the quadratures Xˆ↓ and Pˆ↓ derived in Sec. 3.3.3. First, the collective
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pseudo spins do not obey the canonical commutation relations. Instead,
[Xˆ↓↑, Yˆ↓↑] = i(N↑ −N↓) (6.41)
and
[Xˆo↓, Yˆo↓] = i(N↓ −No). (6.42)
Furthermore, because the populations N↑, N↓ and No are not constant under optical
pumping, the commutation relations are time-varying. From the commutators in
equations (6.41) and (6.42), we can deduce the uncertainty relations on conjugate
collective pseudo spins,
∆X2↓↑∆Y
2
↓↑ ≥
(N↑ −N↓)2
4
, (6.43)
and
∆X2o↓∆Y
2
o↓ ≥
(N↓ −No)2
4
. (6.44)
Note that the lower bounds in the uncertainty relations are, likewise, time-varying.
To place the atoms and the light on similar footing, we define “collective pseu-
dospins” on the y mode of the light,
Xˆy =
√
NL
2
(aˆ†y + aˆy) (6.45)
and
Yˆy = i
√
NL
2
(aˆ†y − aˆy). (6.46)
These operators are equivalent to the HP quadratures of the light with a differ-
ent normalization convention. The “collective pseudospins” of the light satisfy the
commutation relation
[Xˆy, Yˆy] = iNL (6.47)
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and the uncertainty relation
∆X2y∆Y
2
y ≥
N2L
4
. (6.48)
Because the number of photons is approximately unchanged by spontaneous emission,
the commutation and uncertainty relations are constant in time unlike those of the
ensemble collective pseudospins.
The commutation relations of all observables on the light and ensemble can be
expressed concisely as
[dˆj, dˆk] = i(nσ)jk (6.49)
where dˆ = {Xˆ↓↑, Yˆ↓↑, Xˆo↓, Yˆo↓, Xˆy, Yˆy}T . Here, σ is the symplectic matrix defined in
Eq. (3.57) and the matrix n is given by
n =

N↑ −N↓ 0 0 0 0 0
0 N↑ −N↓ 0 0 0 0
0 0 N↓ −No 0 0 0
0 0 0 N↓ −No 0 0
0 0 0 0 NL 0
0 0 0 0 0 NL

. (6.50)
For the collective pseudo spins, the matrix nσ takes the place of the symplectic
matrix, σ.
6.3.2 Gaussianity
In absence of optical pumping, the ensemble is a Gaussian state on a single mode, ↓.
The previous section demonstrated that when optical pumping is taken into account,
the ensemble can be approximated as a state on two collective spin modes, labeled
by ↓↑ and o↓. In this section, we show that the ensemble is Gaussian on these modes.
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The light and ensemble, thus, form a multimode Gaussian state that can be evolved
via the covariance matrix update formalism.
In our new definition of the ensemble modes, the mode ↓↑ takes the place of the
mode ↓. Like the mode ↓, an excitation in ↓↑ represents an atom taken from the
fiducial state to the coupled state. Likewise, the initial state of the ensemble with
each atom prepared in the fiducial state is equivalent to | 0 〉↓↑, the vacuum state in the
mode ↓↑. Similarly, excitations in the mode o↓ correspond to an atom taken from the
coupled state to the transfer state. The vacuum state in the mode o ↓ corresponds
to an ensemble state with a comparatively large number of atoms in the coupled
state and none in the transfer state. Due to the condition in Eq. (5.41), which
prohibits optical pumping directly from the fiducial state to the transfer state, any
population in the transfer state is the result of a second order optical pumping event.
Because population in the coupled state accumulates due to spin flips, which are first
order optical pumping events, the population of atoms in the coupled state is always
substantially larger than the population of atoms in the transfer state. As soon as
a spin flip event transfers population to the coupled state, the ensemble becomes
a state on two modes. A spin flip event also transfers the beneficial coherences
between the fiducial and coupled states into coherences between the coupled and
transfer states. By evolving the density matrix in Eq. (5.14) under a spin flip, it can
be seen that the coherences between the coupled and transfer states remain smaller
than any population in the coupled state by an order of ξ/NA. This is also true of
the coherences between the fiducial and coupled states, which are smaller than the
population in the fiducial state by an order of ξ/NA.
In terms of the collective pseudo spins, the Wigner function of the initial vacuum
state, | 0 〉↓↑| 0 〉y, of the light and the ensemble is
W (X↓↑, Y↓↑, Xy, Yy) =
1
pi2NANL
e
−X
2
↓↑+Y
2
↓↑
NA e
−X
2
y+Y
2
y
NL . (6.51)
From Eq. (5.12), the evolution of the ensemble density matrix, ρˆA, under optical
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pumping over a small time step ∆t is approximately
ρˆA(∆t) ≈
(
1− Γop∆tNA + ∆tNA
∑
q
|〈 ↑ |Wˆq| ↑ 〉|2
)
| 0 〉〈 0 |↓↑| 0 〉〈 0 |o↓ (6.52)
+ ∆t
√
NA
(∑
q
〈 ↑ |Wˆq| ↑ 〉〈 ↑ |Wˆ †q | ↓ 〉
)
| 0 〉〈 1 |↓↑| 0 〉〈 0 |o↓
+ ∆t
√
NA
(∑
q
〈 ↓ |Wˆq| ↑ 〉〈 ↑ |Wˆ †q | ↑ 〉
)
| 1 〉〈 0 |↓↑| 0 〉〈 0 |o↓
+ ∆t
(∑
q
|〈 ↓ |Wˆq| ↑ 〉|2
)(
NA∑
i=1
| ↓ 〉〈 ↓ |i| ↑ 〉〈 ↑ |⊗NA−16=i
)
| 0 〉〈 0 |o↓.
In the expression above, | 1 〉↓↑ =
∑NA
i=1| ↓ 〉i| ↑ 〉⊗NA−16=i /
√
NA, which signifies the pres-
ence of an atom in the coupled state. After the first optical pumping event, where-
upon population is transferred into the coupled state, the combined system of the
ensemble and light becomes a state on three modes. Defining creation and an-
nihilation operators on the ensemble modes as aˆ†mn =
∑NA
i=1|m 〉〈n |i/
√
NA and
aˆmn =
∑NA
i=1|n 〉〈m |i/
√
NA for m, n ∈ {↑, ↓, o}, we can calculate the Wigner func-
tion of the system from ρˆA(∆t). The Wigner function of the system after undergoing
optical pumping for a time ∆t is approximately
WA(d) ≈ W (X↓↑, Y↓↑) 1
piN↓
e
−X
2
o↓+Y
2
o↓
N↓
1
piNL
e
−X
2
y+Y
2
y
NL , (6.53)
where W (X↓↑, Y↓↑) is the Wigner function of the ensemble on the mode ↓↑, given by
W (X↓↑, Y↓↑) =
1
piNA
(
1−∆tNAΓop + ∆tNA
∑
q
|〈 ↑ |Wˆq| ↑ 〉|2 (6.54)
+ ∆tNA
∑
q
|〈 ↓ |Wˆq| ↑ 〉|2
)
e
−X
2
↓↑+Y
2
↓↑
NA
+
∆t23/2
piNA
Re
(
〈 ↑ |Wˆq| ↑ 〉〈 ↑ |Wˆ †q | ↓ 〉(X↓↑ + iY↓↑)
)
e
−X
2
↓↑+Y
2
↓↑
NA .
While the first term of W (X↓↑, Y↓↑) is Gaussian, the second is non-Gaussian. Note,
however, that the second term is smaller than the first by an order of NA. Thus,
to good approximation, the state of the ensemble is Gaussian on mode ↓↑ after the
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first optical pumping event. The combined state of the light and ensemble becomes
a multimode Gaussian on three modes.
6.3.3 Covariance Matrix Update Formalism for
Variable Atom Number
Because the combined state of the ensemble and the light is a multimode Gaussian,
we can adapt the formalism outlined in Sec. 3.6, which enables us to completely
specify the state of the system by its covariance matrix. In terms of the collective
pseudo spins, the covariance matrix is defined analogously to the covariance matrix
in Sec. 3.6, with elements given by
Σ˜ij =
〈
∆dˆi∆dˆj + ∆dˆj∆dˆi
2
〉
, (6.55)
for dˆ = {Xˆ↓↑, Yˆ↓↑, Xˆo↓, Yˆo↓, Xˆy, Yˆy}T and ∆dˆi = dˆi − 〈dˆi〉. The covariance matrix
corresponds to a physical state provided that
Σ˜ +
i
2
nσ ≥ 0. (6.56)
As a consequence of Eq. (6.56), the uncertainty relations in equations (6.43), (6.44)
and (6.48) are satisfied. From Eq. (6.55), the covariance matrix of the initial vacuum
state is
Σ˜0 =
1
2

NA 0 0 0 0 0
0 NA 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 NL 0
0 0 0 0 0 NL

. (6.57)
Note that this covariance matrix satisfies Eq. (6.56), since the populations N↓ and
No are zero at the initial time.
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Both unitary and dissipative evolution on the system can be expressed as update
maps upon the covariance matrix. Unitary transformations act upon the covariance
matrix via a map S, similar to a symplectic transformation,
Σ˜′ = S Σ˜ST . (6.58)
Rather than fulfilling the symplectic condition of Eq. (3.64), however, S satisfies
S nσ ST = nσ, (6.59)
which ensures that Eq. (6.56) is preserved on the covariance matrix. Dissipative
evolution of the system can be expressed as a Gaussian channel, transforming the
covariance matrix as
Σ˜′ = M Σ˜MT +N, (6.60)
where N is a positive semi-definite matrix. Equation (6.56) holds on Σ˜′ provided
that
N +
i
2
nσ − i
2
M nσMT ≥ 0. (6.61)
The squeezing protocols of Sec. 4 are easily modified to act on the covariance
matrix Σ˜ with its alternative normalization and additional mode. Some of the sym-
plectic matrices employed in the squeezing protocols must be adapted to the new
normalization convention and their dimensionality increased to accommodate the
ensemble mode o ↓. For instance, the symplectic rotation matrix R(θ), which acts
upon the ensemble covariance matrix in the double pass squeezing protocols, must
be generalized to rotate both modes ↓↑ and o ↓ by an angle θ. The rotation matrix
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becomes
R(θ) =

cosθ −sinθ 0 0
sinθ cosθ 0 0
0 0 cosθ −sinθ
0 0 sinθ cosθ
 . (6.62)
The symplectic matrix corresponding to the Faraday interaction on modes ↓↑, o ↓
and y is also altered by the new normalization convention, taking the form
S˜F =

1 0 0 0 0 0
0 1 0 0 0 −√ξ↑(N↑ −N↓)
0 0 1 0 0 0
0 0 0 1 0 −√ξ↓(N↓ −No)√
ξ↑NL 0
√
ξ↓NL 0 1 0
0 0 0 0 0 1

, (6.63)
where ξ↑ = χ2(∆f 2z )↑ and ξ↓ = χ
2((∆f 2z )↓ − (∆f 2z )↑). The procedure for homodyne
measurement of a quadrature, outlined in Eq. (3.69), is independent of the covariance
matrix normalization. Similarly unchanged is the method for taking the partial trace
over a mode of the system.
6.4 Covariance Matrix Update for Optical
Pumping
The master equation in Eq. (6.24) can be described as a Gaussian channel acting
upon the covariance matrix of the light and ensemble, taking the form of Eq. (6.60).
Because the effects of optical pumping due to spontaneous emission are negligible
upon the light, the mean update matrix and noise matrix have the structure
Mγ = MAγ ⊕ Iy (6.64)
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and
Nγ = NAγ ⊕
0 0
0 0

y
, (6.65)
where MAγ and NAγ are matrices acting on the ensemble modes and the y subscript
denotes a matrix acting on the light.
We first determine the matrix MAγ through the equations of motion for the
collective pseudo spins, which follow from the evolution of a first order moment under
optical pumping given in Eq. (6.28). Recall that first and second order moments
involving coherences between the fiducial and transfer states can be neglected as
long as
∑
q Re[〈 ↑ |Wˆq| ↑ 〉〈 ↓ |Wˆ †q | o 〉] = 0. For the master equation in Eq. (6.24), this
condition is equivalent to 〈 ↑ |D(| ↑ 〉〈 ↓ |)| o 〉 = 0. When this condition is satisfied,
we can discard the terms in Eq. (6.28) involving the quadratures Xˆ↑o and Yˆ↑o. After
dispensing with Xˆ↑o and Yˆ↑o, we utilize Eq. (6.28) to calculate the evolution of the
first order central moment, ∆Oˆ = Oˆ − 〈Oˆ〉. The equation of motion for ∆Oˆ is
d
dt
∆Oˆ|op = γsTr (D(oˆ)xˆ↓↑) ∆Xˆ↓↑ + γsTr (D(oˆ)pˆ↓↑) ∆Yˆ↓↑ (6.66)
+ γsTr (D(oˆ)xˆo↓) ∆Xˆo↓ + γsTr (D(oˆ)pˆo↓) ∆Yˆo↓
+ γsTr (D(oˆ)nˆ↑) ∆N↑ + γsTr (D(oˆ)nˆ↓) ∆N↓
+ γsTr (D(oˆ)nˆo) ∆No.
Because we treat the populations as c-numbers, ∆N↑ ≈ ∆N↓ ≈ ∆No ≈ 0. The re-
sulting equation of motion for ∆Oˆ is independent of the populations. By integrating
the equation of motion over a small time ∆t, we obtain
∆Oˆ(∆t) ≈∆Oˆ(0) (6.67)
+ γs∆tTr (D(oˆ)xˆ↓↑) ∆Xˆ↓↑(0) + γs∆tTr (D(oˆ)yˆ↓↑) ∆Yˆ↓↑(0)
+ γs∆tTr (D(oˆ)xˆo↓) ∆Xˆo↓(0) + γs∆tTr (D(oˆ)yˆo↓) ∆Yˆo↓(0).
Taking Oˆ ∈ {Xˆ↓↑, Yˆ↓↑, Xˆo↓, Yˆo↓} in Eq. (6.67) gives the us the update matrix for the
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central moments of the quadratures,
MAγ(∆t) = I+ (6.68)
γs∆t

Tr (D(xˆ↓↑)xˆ↓↑) Tr (D(xˆ↓↑)yˆ↓↑) Tr (D(xˆ↓↑)xˆo↓) Tr (D(xˆ↓↑)yˆo↓)
Tr (D(yˆ↓↑)xˆ↓↑)) Tr (D(yˆ↓↑)yˆ↓↑) Tr (D(yˆ↓↑)xˆo↓) Tr (D(yˆ↓↑)yˆo↓)
Tr (D(xˆo↓)xˆ↓↑) Tr (D(xˆo↓)yˆ↓↑) Tr (D(xˆo↓)xˆo↓) Tr (D(xˆo↓)yˆo↓)
Tr (D(yˆo↓)xˆ↓↑) Tr (D(yˆo↓)yˆ↓↑) Tr (D(yˆo↓)xˆo↓) Tr (D(yˆo↓)yˆo↓)
 .
Update matrices for the different state preparations are given in Appendix A.
We now turn our attention to the noise matrix NAγ, which we derive from the
equations of motion for the second order moments. Integrating Eq. (6.36) over a
small time ∆t yields
〈
∆Oˆ∆Aˆ
〉
S
(∆t) =
〈
∆Oˆ∆Aˆ
〉
S
(0) + γs∆t
∑
Xˆ∈S
Tr(D(oˆ)xˆ)〈∆Xˆ∆Aˆ〉
S
(6.69)
+ γs∆t
∑
Xˆ∈S
Tr(D(aˆ)xˆ)〈∆Oˆ∆Xˆ〉
S
+ γs∆tTr(N (oˆ, aˆ)nˆ↑)N↑ + γs∆tTr(N (oˆ, aˆ)nˆ↓)N↓
+ γs∆tTr(N (oˆ, aˆ)nˆo)No.
When Oˆ and Aˆ are collective pseudo spins, the first three terms of this equation arise
from the action of MAγ. Note that these terms are moments of second order collective
operators. The noise matrix contains the final three terms, which are moments of
first order collective operators. Because a second order scattering event is required
to populate the transfer state, the population No is negligible. The noise matrix
becomes
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NAγ(∆t) = γs∆t
∑
ψ∈{↑,↓}
Nψ× (6.70)
Tr (N (xˆ↓↑, xˆ↓↑)nˆψ) Tr (N (xˆ↓↑, pˆ↓↑)nˆψ) Tr (N (xˆ↓↑, xˆo↓)nˆψ) Tr (N (xˆ↓↑, pˆo↓)nˆψ)
Tr (N (pˆ↓↑, xˆ↓↑)nˆψ) Tr (N (pˆ↓↑, pˆ↓↑)nˆψ) Tr (N (pˆ↓↑, xˆo↓)nˆψ) Tr (N (pˆ↓↑, pˆo↓)nˆψ)
Tr (N (xˆo↓, xˆ↓↑)nˆψ) Tr (N (xˆo↓, pˆ↓↑)nˆψ) Tr (N (xˆo↓, xˆo↓)nˆψ) Tr (N (xˆo↓, pˆo↓)nˆψ)
Tr (N (pˆo↓, xˆ↓↑)nˆψ) Tr (N (pˆo↓, pˆ↓↑)nˆψ) Tr (N (pˆo↓, xˆo↓)nˆψ) Tr (N (pˆo↓, pˆo↓)nˆψ)

Noise matrices for the various state preparations are given in Appendix A.
Because the noise matrix, the mean spin and the total atom number all depend
upon N↑ and N↓, we must derive a similar update matrix to evolve the populations
in time. We focus only upon the populations of atoms in the fiducial and coupled
states, since the population in the transfer state is negligible. Neglecting No in Eq.
(6.30) and integrating the equation of motion over a small time step ∆t yields
Nψ(∆t) ≈ Nψ(0) + γs∆tTr(D(nˆψ)nˆ↑)N↑(0) + γs∆tTr(D(nˆψ)nˆ↓)N↓(0). (6.71)
Taking ψ ∈ {↑, ↓}, we obtain the update matrix
Jγ(∆t) = I+ γs∆t
Tr(D(nˆ↑)nˆ↑) Tr(D(nˆ↑)nˆ↓)
Tr(D(nˆ↓)nˆ↑) Tr(D(nˆ↓)nˆ↓)
 . (6.72)
The matrix Jγ(∆t) evolves a vector of the populations forward in time by ∆t,N↑(t+ ∆t)
N↓(t+ ∆t)
 = Jγ(∆t)
N↑(t)
N↓(t)
 . (6.73)
Because the QND and double pass squeezing protocols have no appreciable effect
upon the populations, Jγ(∆t) is the only update matrix required to evolve N↑ and
N↓.
6.5 Simulating Gaussian Dynamics
After deriving the covariance matrix and population updates for optical pumping,
we can revisit the squeezing protocols of Chapter 4 to numerically evaluate their
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performance when decoherence is taken into account. To simulate both the coherent
and dissipative evolution of the light and the atomic ensemble, we follow a procedure
similar to Ref. [42]. By alternating over very small time increments the covariance
matrix updates corresponding to a squeezing interaction and to optical pumping, we
approximate the evolution of the system as it undergoes both processes simultane-
ously.
We first outline our approach for simulating the QND measurement protocol in
the presence of optical pumping. Optical pumping acts on the covariance matrix by
a Gaussian channel P , which depends upon the mean update matrix and the noise
matrix,
Σ˜(t+ ∆t) = P [Σ˜(t)] (6.74)
= Mγ(∆t)Σ˜(t)M
T
γ (∆t) +Nγ(∆t).
Here, Mγ and Nγ are the update matrices defined in Eqs. (6.64) and (6.65), acting
on the covariance matrix of both the light and ensemble. The QND measurement
protocol acts upon the covariance matrix by a map Q,
Σ˜(t+ ∆t) = Q[Σ˜(t)] (6.75)
= h[Xˆy](SF (∆t)Σ˜(t)S
T
F (∆t))⊕ Σ˜0y.
This map differs from the update described in Eq. (4.3) in that after the Xˆy quadra-
ture is measured via homodyne detection, a vacuum state covariance matrix of the
light is appended to the covariance matrix of the ensemble. This represents a fresh
pulse of light entering the experimental apparatus. In the next iteration of the pro-
tocol, this light will interact with the ensemble and subsequently undergo homodyne
detection. The covariance matrix is propagated forward in time by alternating the
maps P and Q for some number of iterations n,
Σ˜(n∆t) = (Q ·P)n[Σ˜(0)]. (6.76)
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Through this procedure, we obtain the covariance matrix of the light and ensemble
after the system undergoes QND measurement for a time n∆t.
We next consider the phase-matching protocol. The first step in the phase-
matching protocol is implementing the one-axis twisting interaction, which can be
combined with optical pumping to form a Gaussian channel T ,
Σ˜(t+ 2∆t) = T [Σ˜(t)] (6.77)
= h[Xˆ ′y]
(
SF (∆t)P [Rλ
4
SF (∆t)P [Σ˜(t)]STF (∆t)RTλ
4
]STF (∆t)
)
⊕Σ˜0y
As in the map Q, a vacuum state covariance matrix of the light is appended to
the covariance matrix of the ensemble after the quantum eraser, representing a fresh
pulse of light. Similar to the coherent phase matching process depicted in Eq. (4.23),
the one-axis twisting interaction is followed by a rotation of the ensemble given by
the map R,
R[Σ˜(t)] = R(θopt)Σ˜(t)R(θopt)T . (6.78)
For the coherent version of the phase matching protocol in Eq. (4.23), the ensemble
is rotated by an angle ξ/(2n) at each iteration. Here, the presence of noise from
optical pumping changes the optimal angle for generating spin squeezing. A numer-
ical optimization is used to determine the angle, θopt, that maximizes squeezing at
each iteration of the protocol. Like the case of QND measurement, we evolve the
covariance matrix by alternating the maps T and R for some number of iterations
n. This produces the covariance matrix at time 2n∆t,
Σ˜(2n∆t) = (R·T )n[Σ˜(0)]. (6.79)
Note that, unlike the case of QND measurement, each iteration of the phase matching
protocol takes a time 2∆t because of the double pass.
In addition to the covariance matrix, we must also simulate the evolution of the
populations. Because they evolve only by optical pumping, the populations at time
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t = n∆t are given byN↑(n∆t)
N↓(n∆t)
 = Jγ(∆t)n
N↑(0)
N↓(0)
 (6.80)
for both the QND measurement and phase matching protocols. Here, Jγ(∆t) is the
update matrix given in Eq. (6.72).
6.6 Post-Processing Internal Spin Control
The final step in creating spin squeezing is post-processing via a partial isometry
that acts identically on the internal spin state of each atom. In this section, we
modify the partial isometries of Sections 4.4 and 4.4.1 to accommodate the transfer
state. This enables us to derive an expression for the squeezing parameter following
the application of a post-processing partial isometry. When combined with the nu-
merical techniques of the previous section, this expression determines the amount of
squeezing achievable in the atomic ensemble.
Consider an initial state preparation with fiducial, coupled and transfer states
| ↑ 〉, | ↓ 〉 and | o 〉. We seek to map the ensemble to a final state preparation with
fiducial, coupled and transfer states | ↑′ 〉, | ↓′ 〉 and | o′ 〉. To preserve the mean spin
and relevant correlations, a fiducial state must always be mapped to a fiducial state,
a coupled state to a coupled state and a transfer state to a transfer state. The partial
isometry that implements this map is given by
Uˆ↑′ =
NA⊗
i=1
(| ↑′ 〉〈 ↑ |i + | ↓′ 〉〈 ↓ |i + | o′ 〉〈 o |i) . (6.81)
This partial isometry leaves the total atom number invariant, but transforms the
collective spin variance in Eq. (6.19) as
∆F 2z = v(↑′)2∆Xˆ2↓↑ + 2v(↑′)w(↑′)
〈
∆Xˆ↓↑∆Xˆo↓
〉
S
+ w(↑′)2∆Xˆ2o↓, (6.82)
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where w(↑) and v(↑) are defined in Eqs. (6.22) and (6.23). In cases where it is not
beneficial to preserve the transfer state, ∆Xˆ2o↓ = N↓/2 and
〈
∆Xˆ↓↑∆Xˆo↓
〉
S
= 0. The
collective variance after the partial isometry is then
∆F 2z = v(↑′)2∆Xˆ2↓↑ + w(↑′)2N↓/2. (6.83)
The partial isometry also transforms the mean spin in Eq. (6.20), which is given by
〈
Fˆx
〉
=
〈
fˆx
〉
↑′N↑ +
〈
fˆx
〉
↓′N↓ +
〈
fˆx
〉
o′No. (6.84)
The final term in this expression is absent in cases where it is not beneficial to
preserve the transfer state. With the transformed collective variance and mean spin,
the metrological squeezing parameter becomes
ζm =2f(N↑ +N↓ +No)× (6.85)
v(↑′)2∆Xˆ2↓↑ + 2v(↑′)w(↑′)
〈
∆Xˆ↓↑∆Xˆo↓
〉
S
+ w(↑′)2∆Xˆ2o↓(〈
fˆx
〉
↑′N↑ +
〈
fˆx
〉
↓′N↓ +
〈
fˆx
〉
o′No
)2
when the transfer state is preserved and
ζm =2f(N↑ +N↓)
v(↑′)2∆Xˆ2↓↑ + w(↑′)2N↓/2(〈
fˆx
〉
↑′N↑ +
〈
fˆx
〉
↓′N↓
)2 (6.86)
when the transfer state is eliminated.
The effect of post-processing upon the squeezing parameter is not as evident as
it was in Sec. 4.4 in absence of decoherence. The squeezing parameter of Eq. (4.32)
can be recovered, however, by eliminating all except the leading order terms in Eqs.
(6.85) and (6.86). By preserving ∆Xˆ2↓↑ and N↑, we obtain
ζm ≈
2fN↑v(↑′)2∆Xˆ2↓↑(〈
fˆx
〉
↑′N↑
)2 = 4fN2↑ (∆fˆz)↑′∆Xˆ2↓(〈
fˆx
〉
↑′N↑
)2 = ζ↑′mζq. (6.87)
While ζm and this approximate expression differ in the presence of optical pumping,
we see that post-processing improves squeezing by mapping the majority of atoms,
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which remain in the fiducial state | ↑ 〉, to a new fiducial state, | ↑′ 〉, with more internal
spin squeezing.
In sections 4.4 and 4.4.1, we examined partial isometries that map from an ar-
bitrary state preparation to the SCS, Yurke and half-integer Yurke state prepa-
rations. From Eq. (6.85), we can determine the squeezing parameters that result
when these partial isometries are modified to accommodate the transfer state. In
cases where the transfer state is eminimated, we obtain the squeezing parameter
by taking ∆Xˆ2o↓ → N↓/2,
〈
∆Xˆ↓↑∆Xˆo↓
〉
S
→ 0 and No → 0. When the transfer
state is preserved, mapping to the SCS preparation requires that | o 〉 is mapped to
| oSCS 〉 = −| f,mx = f−2 〉, the transfer state in the SCS preparation. Implementing
this partial isometry transforms the squeezing parameter as
ζm =2f(N↑ +N↓ +No)× (6.88)
f∆Xˆ2↓↑ + 2
√
f(2f − 1)〈∆Xˆ↓↑∆Xˆo↓〉S + (2f − 1)∆Xˆ2o↓
(fN↑ + (f − 1)N↓ + (f − 2)No)2 .
Mapping to the Yurke preparation similarly requires that | o 〉 be mapped to
| oy 〉 = cosα√
2
| f,mz = 1 〉 − sinα| f,mz = 0 〉+ cosα√
2
| f,mz = −1 〉, (6.89)
which is the transfer state in the Yurke preparation. The squeezing parameter that
results from this partial isometry is
ζm =2f(N↑ +N↓ +No)× (6.90)
sin2α∆Xˆ2↓↑ + 2cosαsinα
〈
∆Xˆ↓↑∆Xˆo↓
〉
S
+ cos2α∆Xˆ2o↓
f(f + 1)cos2α sin2α N2↑
.
The transfer state in the half-integer Yurke preparation takes a similar form,
| ohy 〉= cosα√
2
| f,mz = 3/2 〉−sinα| f,mz = 1/2 〉+ cosα√
2
| f,mz = −1/2 〉. (6.91)
The partial isometry to the half-integer Yurke preparation produces the squeezing
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parameter
ζm =8f(N↑ +N↓ +No)× (6.92)
sin2α∆Xˆ2↓↑ + 2cosαsinα
〈
∆Xˆ↓↑∆Xˆo↓
〉
S
+ cos2α∆Xˆ2o↓
(
√
(f + 3/2)(f − 1/2) + f + 1/2)2 sin2α cos2α N2↑
.
Recall that the squeezing of the Yurke and the half-integer Yurke states is maximal
as α → 0. Because the terms 〈∆Xˆ↓↑∆Xˆo↓〉S and ∆Xˆ 2o↓ are nonzero in the presence
of optical pumping, however, the squeezing parameters in Eq. (6.90) and Eq. (6.92)
become infinite as α → 0. This occurs because atoms are optically pumped into
the coupled states, which are infinitely anti-squeezed. In practice, when employing a
partial isometry to the Yurke or half-integer Yurke state, we use a numerical search
to determine the optimal nonzero α. The optimal α maximizes the contribution of
the squeezed fiducial state, while minimizing the contribution of the anti-squeezed
coupled state.
6.7 Results
The modified multilevel Holstein-Primakoff approximation along with the numerical
methods introduced in this chapter enable us to determine the amount of squeezing
achievable in the presence of optical pumping. The master equation describing opti-
cal pumping in the rotating frame and the SCS, cat, and mx = 0 state preparations
satisfy the condition 〈 ↑ |D(| ↑ 〉〈 ↓ |)| o 〉 = 0, ensuring that the modified multilevel
Holstein-Primakoff approximation is valid. This allows us to quantitatively examine
the influence of the fiducial state upon both coherent squeezing and decoherence of
the ensemble. Using numerical techniques, we can also explore the impact of spin
size and post-processing upon spin squeezing. In this section, we present a variety of
numerical simulations showing achievable squeezing for various state preparations,
spin sizes, post-processing partial isometries and squeezing protocols. In an effort
to demonstrate what might be feasible in a laboratory setting, we have used exper-
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imentally realistic values of parameters relating to the light and atomic ensemble
with OD = 300, NA = 10
6, NL = 3× 108, σ0/A = 3× 10−4 and Γ/∆ = 10−3 for all
simulations.
6.7.1 Testing the modified multilevel HP
Before presenting numerical results relating to achievable squeezing, we test the
validity of the modified multilevel Holstein-Primakoff approximation, which enabled
us to treat the ensemble as a Gaussian state on two modes. For the case of f = 1, the
exact differential equations describing the evolution of the mean spin, the collective
variance and the populations under QND measurement and optical pumping form
a closed set that can be easily solved through standard numerical methods. From
Ref. [42], the collective variance under continuous QND measurement of Fˆz obeys
the nonlinear differential equation
d
dt
∆F 2z
∣∣
QND
= −κ(∆F 2z )2. (6.93)
Here, κ = χ2NL/∆t is the “measurement strength”. Further details about the
differential formulation of continuous QND measurement will be provided in Chapter
7. The equation of motion for the variance under both continuous QND measurement
and optical pumping follows from the evolution of second order moments under
optical pumping given in Eq. (6.34),
d
dt
∆F 2z = −κ(∆F 2z )2 −
2γs
9
∆F 2z +
γs
9
〈
Nˆ1 + Nˆ0 + Nˆ−1
〉
. (6.94)
Here, we have decomposed the noise term as a sum of the population operators Nˆ1,
Nˆ0 and Nˆ−1, defined as Nˆm =
∑NA
i=1| f,mx = m 〉〈 f,mx = m |i. Unlike the multilevel
HP approximation, we treat these populations as operators, rather than c-numbers.
Because continuous QND measurement negligibly effects the populations and mean
spin, their equations of motion depend soley on optical pumping. From the equation
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of motion for first order moments under optical pumping given in Eq. (6.27), the
populations and mean spin satisfy
d
dt
〈
Nˆ1
〉
= −γs
9
〈
Nˆ1
〉
+
γs
18
〈
Nˆ0
〉
, (6.95)
d
dt
〈
Nˆ0
〉
= −2γs
9
〈
Nˆ0
〉
+
γs
18
〈
Nˆ1
〉
+
γs
18
〈
Nˆ−1
〉
, (6.96)
d
dt
〈
Nˆ−1
〉
= −γs
9
〈
Nˆ−1
〉
+
γs
18
〈
Nˆ0
〉
(6.97)
and
d
dt
〈
Fˆx
〉
= −γs
6
〈
Fˆx
〉
. (6.98)
The variance and populations form a closed set of differential equations that can
be numerically solved, while the mean spin is an exponential that can be solved
analytically.
In Fig. 6.1, we compare the squeezing generated by the solution of Eqs. (6.94)
through (6.98) with the squeezing predicted by a simulation of the QND measurement
protocol utilizing the modified multilevel Holstein-Primakoff approximation. We
consider an ensemble of atoms with f = 1, initially prepared in a spin coherent
state. The solutions deviate very little in the time vicinity of peak squeezing with
the peak squeezing predicted by both models differing only by .07 dB. From this plot,
it is evident that neglecting the coherences between the fiducial and transfer states,
treating ↓↑ and o ↓ as two commuting modes and approximating the populations as
c-numbers has little effect upon the predicted squeezing.
The case of f = 1 is unique in that each atomic spin is an actual qutrit, rather
than being a qutrit embedded in a higher dimensional qudit. For atoms with larger
spin, the microwave internal spin control introduced in Sec. 5.4 can be utilized to
map all states in the f -manifold to the other ground hyperfine manifold, with the
exception of the fiducial, coupled and transfer states. When this control is applied,
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Figure 6.1: Comparison of the modified multilevel Holstein-Primakoff approxi-
mation (red) with the numerical solution of the exact differential equations (blue)
for the case of an ensemble with f = 1 prepared in the SCS. The inverse of the
metrological squeezing parameter is plotted against time in units of the scatter-
ing rate, γs. The maximal squeezing predicted by these models differs by .07dB.
At the end of the plotted time interval, the models differ by .44 dB.
higher spin atoms are in effect qutrits. The results in Fig. 6.1 are, thus, indicative
of the deviations that we expect between the two models for higher spins as well as
for f = 1.
6.7.2 Performance of Squeezing Protocols for Different State
Preparations
The initial fiducial state of the ensemble has an enormous impact on the coherent
generation of squeezing and decoherence due to optical pumping. The interatomic
entanglement generated by the squeezing protocols increases with the variance of
the fiducial state. Other properties of the fiducial state, such as the spin flip rate
and atom loss rate, govern the robustness of the ensemble to optical pumping. The
modified multilevel HP approximation and the numerical methods developed in this
chapter allow us to assess the performance of the SCS, cat, and mx = 0 preparations
in the presence of optical pumping.
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Figure 6.2: The variance of the fiducial state, the collective spin coupling con-
stant, the spin flip rate of the fiducial state and the total loss rate from the f
manifold for the SCS, mx = 0 and cat state preparations. Note that the spin
flip and loss rates for the cat state are for f ≥ 1. When f = 1/2, the spin flip
and loss rates for the cat are identical to those of the SCS. The spin flip and loss
rates are calculated with the master equation in the rotating frame given in Eq.
(6.24).
To guide our intuition, the table in Fig. 6.2 lists quantities relevant to the per-
formance of each state preparation. These quantities - the variance of the fiducial
state, the collective spin coupling constant, the spin flip rate of the fiducial state
and the total loss rate of atoms from the f manifold - are essential to interpreting
the numerical results. Recall that the squeezing generated by the Faraday interac-
tion increases with the collective spin coupling constant, ξ, which is proportional to
Figure 6.3: Dependence of relevant quantities for the SCS and mx = 0 state
preparations upon f . Plotted are the quantities 9ξ(OD γsτ)
−1 (purple), Γflipγ−1s
(light blue) and Γlossγ
−1
s (red).
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the projection noise fluctuations of the fiducial state, (∆f 2z )↓. Spin flips, the most
damaging optical pumping processes, cause the mean spin to decay and inject noise
back into the system, thereby increasing the variance of the collective spin. While
loss can result in an even greater decay of the mean spin, it is less damaging to
spin squeezing because it also causes the collective variance to decay. Each of these
quantities depend not only on the state preparation, but on the size of the hyperfine
spin, f . Figure 6.3 provides a visual depiction of how these quantities vary with f .
We first examine the performance of the state preparations for f = 4, corre-
sponding to the larger ground hyperfine manifold of cesium. Figures 6.4 (a) and
(b) show the squeezing and the reduction in the collective variance generated by the
double-pass phase matching protocol combined with a partial isometry to the SCS
preparation. The same quantities for the QND measurement protocol combined with
a partial isometry to the SCS preparation are plotted in (c) and (d). Also shown
in Fig. 6.4 (e) is the decay of the mean spin, which is governed by optical pumping
alone. Unsurprisingly, phase matching outperforms the QND measurement protocol.
Our primary interest is the performance of the state preparations, however. The cat
state has the largest fiducial state projection noise, but also the largest rate of spin
flips. In addition, for this preparation, there is no transfer of coherence to mitigate
the effect of spin flips. Consequently, the protocols rapidly generate squeezing on
the cat preparation, but this squeezing also decays at a rapid rate. The increase in
∆F 2z for the cat preparation in plots (b) and (d) at longer times demonstrates the
deleterious effect of spin flips. In contrast, the collective variances of the SCS and
mx = 0 preparations appear to asymptote; the excess noise injection is balanced
by squeezing and loss. Interestingly, the cat preparation’s large rate of spin flips
relative to loss make its mean spin the most robust to optical pumping. While a
“lost” atom contributes nothing to the mean spin, an atom that undergoes a spin
flip from the fiducial to the coupled state contributes
〈
fˆx
〉
↓′ , where | ↓′ 〉 is the state
to which the coupled state is mapped by the post-processing partial isometry. For
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a partial isometry to the SCS preparation,
〈
fˆx
〉
↓′ = f − 2, meaning that a spin flip
event reduces the mean spin by 2 as opposed to f in the case of loss. Although the
mx = 0 preparation has a smaller enhancement of the fiducial state projection noise
compared to the cat, its reduced rate of spin flips make it more robust to optical
pumping. Accordingly, the mx = 0 preparation outperforms both the cat and the
SCS preparation, which has the smallest initial projection noise variance of the three
state preparations. For the phase matching and QND protocols, the mx = 0 prepa-
ration achieves a peak squeezing of 13.4 dB and 9.3 dB, respectively. Curiously, the
mx = 0 preparation has a large rate of loss, which causes its mean spin to decay the
fastest due to optical pumping. The enhanced squeezing of the collective variance
for the mx = 0 preparation compensates for this, however. The SCS preparation has
the smallest fiducial state projection noise and spin flip rate. As a consequence, the
SCS preparation is much more robust to optical pumping, but its peak squeezing is
significantly smaller than that of the cat or mx = 0 because the entangling effect of
the Faraday interaction is weaker.
To illustrate the role of the spin size in determining squeezing, Fig. 6.5 replicates
the same plots in Fig. 6.4 with f = 2 instead of f = 4. As in the f = 4 case, the
mx = 0 preparation outperforms both the SCS and the cat preparations, attaining
a peak squeezing of 13.7 dB for the double-pass phase matching protocol and 9.5
dB for the QND protocol. Unlike the f = 4 case, the performances of the SCS and
the cat preparations are comparable for f = 2. For the phase matching protocol,
the SCS and cat preparations achieve nearly identical peak squeezing values of 11.0
dB and 11.1dB, respectively, though the peak value is reached much faster for the
cat state. For the QND measurement protocol, the SCS and cat preparations reach
7.8 dB and 8.1dB, respectively. The improved performance of the SCS preparation
relative to the cat can be explained by the behavior of the mean spin. Note that
the mean spin of the SCS preparation in Fig. 6.5 (e) decays the least, followed by
the cat and the mx = 0 state. The order is different in the f = 4 case, in which the
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mean spin of the cat decays the least, followed by the SCS and the mx = 0 state.
Whereas the loss rate of the SCS preparation was substantially higher than the cat
state preparation for f = 4, their loss rates are nearly equal when f = 2. The spin
flip rate for the cat at f = 2 is much larger, however. This causes the mean spin
of the cat state to decay faster. Consequently, the squeezing produced by the SCS
preparation is much improved when f = 2. Despite this, the SCS preparation is still
the lowest performer. Also similar to the f = 4 case, the cat state preparation is
the least robust to optical pumping with its squeezing decaying the quickest. The
SCS is the most robust, followed by the mx = 0 state. For both f = 4 and f = 2,
the mx = 0 state preparation strikes the most optimal balance between enhanced
squeezing due to the variance of the fiducial state and robustness to optical pumping.
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Figure 6.4: Performance of the state preparations for f = 4, SCS (green), cat
(black) and mx = 0 (blue). For post-processing, a partial isometry mapping each
state preparation to the SCS preparation was applied to the ensemble. Plot (a)
shows the squeezing generated by each state preparation for the phase matching
protocol. Plot (b) shows the corresponding variance, normalized by the variance
of the spin coherent state. Plot (c) shows the squeezing generated by each state
preparation for the QND measurement protocol with the corresponding variance,
normalized by the variance of the spin coherent state shown in plot (d). For both
squeezing protocols, the decay of the mean spin normalized by the mean spin of
the spin coherent state is shown in plot (e).
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Figure 6.5: Performance of the state preparations for f = 2, SCS (green), cat
(black) and mx = 0 (blue). For post-processing, a partial isometry mapping each
state preparation to the SCS preparation was applied to the ensemble. Plot (a)
shows the squeezing generated by each state preparation for the phase matching
protocol. The corresponding variance, normalized by the variance of the spin
coherent state, is plotted in (b). Plot (c) shows the squeezing generated by each
state preparation for the QND measurement protocol with the corresponding
variance, normalized by the variance of the spin coherent state shown in plot
(d). For both squeezing protocols, the decay of the mean spin normalized by the
mean spin of the spin coherent state is shown in plot (e).
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6.7.3 Effect of Partial Isometries
To convert the interatomic entanglement generated by the Faraday interaction into
metrologically relevant squeezing, we have focused on internal spin control via two
partial isometries. The first partial isometry, which maps an arbitrary state prepa-
ration to the SCS preparation, creates squeezing that depends upon interatomic
entanglement alone, since ζ↑SCSm = 1. The second partial isometry maps an arbitrary
state preparation to the Yurke or half-integer Yurke preparation, for which ζ
↑y
m < 1
and ζ
↑hy
m < 1. Because the Yurke states are squeezed, the spin squeezing generated
by these partial isometries depends on internal spin squeezing as well as interatomic
entanglement.
Fig. 6.6 examines the effect of internal spin squeezing on the collective spin
squeezing achieved by the different state preparations. For f = 4, Fig. 6.6 shows the
squeezing generated by QND measurement combined with either a partial isometry
to the SCS preparation or a partial isometry to the Yurke preparation. This plot is
generated using the formulas in Eqs. (6.88) and (6.90), which give the squeezing that
results from a Faraday-effect squeezing protocol combined with a partial isometry in
the presence of optical pumping. The parameter α in Eq. (6.90), which determines
the squeezing of the Yurke state, is chosen by a numerical optimization. In absence of
decoherence, the partial isometry to the Yurke preparation produces a multiplicative
enhancement of the squeezing parameter by (f+1)−1 as compared to the SCS prepa-
ration. When the inverse of the squeezing parameter is plotted in dB for f = 4, as in
Fig. 6.6, this enhancement appears as an increase in the amount of squeezing by 7.0
dB. The dashed lines, which correspond to the Yurke partial isometry, are translated
upward by nearly 7.0 dB at small times. The upward translation decreases, however,
as time progresses and the state decoheres due to optical pumping. Nonetheless, as
Fig. 6.6 attests, collective spin squeezing is enhanced substantially by the internal
spin squeezing resulting from the partial isometry to the Yurke preparation.
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Figure 6.6: The performance of the state preparations SCS (green), cat (black)
and mx = 0 (blue) for f = 4 under the QND measurement protocol with optical
pumping. Squeezing is plotted versus time in units of scattering rate. Here, two
different partial isometries are used to convert interatomic entanglement into spin
squeezing, a map to the SCS preparation (solid), a map to the Yurke preparation
(dashed).
6.7.4 Scaling of Squeezing with f
Figure 6.7 further examines the dependence of squeezing on the spin size, f . Plot-
ted in Fig. 6.7 is the peak squeezing generated by the QND and phase matching
protocols for partial isometries to both the SCS and Yurke preparations. We focus
first on Fig. 6.7 (a) and (c), which show the peak squeezing of the QND and phase
matching protocols on different state preparations with a partial isometry to the SCS
preparation. Plots (a) and (c) exhibit similar behavior, except at small values of f .
Perhaps most significantly, both plots attain their maximum value of squeezing at
f = 2, not f = 1/2, which one might naively expect given that the collective spin
coupling constant decreases monotonically with increasing f . The mx = 0 prepa-
ration performs the best for both the QND and phase matching protocols, peaking
at f = 2 and then gradually declining due to the decreased collective spin coupling
constant. The mx = 0 preparation likely peaks at f = 2 because it is the smallest
spin for which there is a transfer of coherence, giving the ensemble additional robust-
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ness to decoherence. A smaller spin is favorable since the collective spin coupling
constant decreases with increasing spin. For both protocols, the performance of the
SCS preparation falls off the most rapidly, beginning at f = 1. This occurs because
the collective spin coupling constant of the SCS preparation, which is proportional
to 1/f , has the greatest decline with increasing f . Although the spin flip rate of the
SCS preparation also decreases with 1/f , this does not compensate for loss in the
coherent interaction strength. For the cat preparation, the collective spin coupling
constant, the rate of loss, and the rate of spin flips are all constant with f . This is
reflected by the relative stability of the cat preparation after f = 1.
Fig. 6.7 (b) and (d) depict the dependence of the peak squeezing generated by
the QND measurement and phase matching protocols on different state preparations
combined with internal spin squeezing. The internal spin squeezing is generated by
a partial isometry to the Yurke preparations. The comparative performances of the
state preparations in plots (b) and (d) is the same as for (a) and (c). A significant
difference between these plots, however, is that spin squeezing largely improves as
f increases in plots (b) and (d). Although the collective spin coupling constant
decreases with increasing f , internal spin squeezing generates a greater amount of
collective spin squeezing for atoms with larger f . Internal spin squeezing more than
compensates for the loss in coherent interaction strength as f increases.
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Figure 6.7: Peak squeezing vs. spin size for SCS (green), cat (black) and mx = 0
(blue). These plots show the performance of the QND and phase matching
squeezing protocols, as quantified by the inverse of the metrological squeezing
parameter, versus the size of the hyperfine spin f . The topmost plots show the
performance of the QND squeezing protocol with (a) a partial isometry to the
SCS preparation and (b) a partial isometry to the Yurke preparation for integer
f and a partial isometry to the half-integer Yurke preparation for half-integer
f . The bottom plots show the performance of the phase matching protocol with
(c) a partial isometry to the SCS preparation and (d) a partial isometry to the
Yurke preparation for integer f and a partial isometry to the half-integer Yurke
preparation for half-integer f .
6.7.5 Effect of the Transfer State
Sec. 5.6 introduced the counterintuitive idea that preserving the transfer state, rather
than removing it by mapping it to the other ground hyperfine manifold with internal
spin control, can improve spin squeezing in the presence of optical pumping. This
idea is explored in Fig. 6.8, which compares the squeezing generated by two state
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Figure 6.8: Performance of state preparations with and without the transfer state
for the QND measurement protocol and f = 4. A partial isometry mapping to
the SCS preparation is applied to the mx = 0 preparation. Plot (a) shows the
squeezing generated by the SCS state preparation for f = 4 when the transfer
state is preserved (green solid) and when the transfer state is eliminated via
internal spin control (light green dashed). Preserving the transfer state improves
spin squeezing by 1.4 dB. Plot (b) shows the squeezing generated by the mx = 0
state preparation for f = 4 when the transfer state is preserved (blue solid) and
when the transfer state is eliminated (light blue dashed). For the mx = 0 state
preparation, spin squeezing is improved by 1.9 dB when the transfer state is
preserved.
preparations under QND measurement and optical pumping when the transfer state
is preserved and when it is eliminated. For f = 4, the plots in Fig. 6.8 feature
the SCS preparation and the mx = 0 preparation with a final partial isometry to
the SCS preparation. From Fig. 6.8, it is evident that preserving the transfer state
has a significant effect upon the achievable spin squeezing. In the case of the SCS
preparation, shown in Fig. 6.8 (a), preserving the transfer state improves peak
squeezing by 1.4 dB. For the mx = 0 preparation in Fig. 6.8 (b), preserving the
transfer state results in a 1.9 dB improvement of spin squeezing. In addition to
increasing the magnitude of the peak squeezing, the presence of the transfer state
also reduces the rate at which spin squeezing decays. Overall, retaining the transfer
state greatly improves the performance of both state preparations in the presence of
optical pumping.
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Chapter 7
Optimal Spin States for QND
Squeezing
Thus far, the techniques we have used to determine the achievable spin squeezing in
the atomic ensemble have been suited only to particular fiducial states. In Chap-
ters 3 and 5, we derived the coupled and transfer states from the fiducial state by
making the assumption that
〈
fˆz
〉
↑ =
〈
fˆz
〉
↓ =
〈
fˆz
〉
o = 0. The modified version of
the multilevel Holstein-Primakoff approximation developed in Chapter 6 was ap-
plicable to ensembles prepared in fiducial states that satisfied the condition in Eq.
(6.39), ensuring that pairwise coherences involving the fiducial and transfer states
did not develop. While the SCS, cat, and mx = 0 state preparations satisfy both〈
fˆz
〉
↑ =
〈
fˆz
〉
↓ =
〈
fˆz
〉
o = 0 and Eq. (6.39), this is not necessarily true of an arbitrary
fiducial state. In this chapter we develop techniques to model the effects of squeezing
and optical pumping for any fiducial state.
The techniques of this chapter rely on expressing a squeezing protocol in differ-
ential form. The double pass squeezing protocols, such as phase matching, are not
readily converted to differential form. Because the only way to model these protocols
is as a series of updates upon the covariance matrix of a Gaussian state, we must
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rely upon the modified multilevel Holstein-Primakoff approximation of the previous
chapter. A relatively simple differential form exists for the QND measurement pro-
tocol, however. The effects of QND measurement and optical pumping can, thus,
be modeled more easily on any fiducial state. We utilize this method to perform
a numerical search over the space of all fiducial states in order to find the state
preparation that maximizes squeezing in the presence of optical pumping.
7.1 Coupled and Transfer States for Arbitrary
Fiducial States
Determining squeezing when the ensemble is prepared in an arbitrary fiducial state
requires that we generalize the definitions of the coupled and transfer states to the
case where
〈
fˆz
〉
↑,
〈
fˆz
〉
↓ and
〈
fˆz
〉
o are not necessarily zero. In Sec. 3.3.4, we derived
the coupled state by considering the effect of the Faraday interaction on a single atom
prepared in the fiducial state. Here, we do the same thing, but relax the assumption
that
〈
fˆz
〉
↑ = 0. For χ << 1,
e−iχSˆ3fˆz | ↑ 〉 ≈ (I− iχSˆ3fˆz)| ↑ 〉 (7.1)
= | ↑ 〉 − iχSˆ3
〈
fˆz
〉
↑| ↑ 〉 − iχSˆ3(fˆz −
〈
fˆz
〉
↑)| ↑ 〉.
The Faraday interaction maps the fiducial state back to itself and to an orthogo-
nal state, proportional to (fˆz −
〈
fˆz
〉
↑)| ↑ 〉 = ∆fˆz| ↑ 〉. This orthogonal state is, by
definition, the coupled state. From Eq. (7.1), the coupled state is given by
| ↓ 〉 = ∆fˆz| ↑ 〉√
(∆f 2z )↑
(7.2)
=
∆fˆz| ↑ 〉
v(↑)/√2 .
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The transfer state arises by considering the effect of the Faraday interaction on the
coupled state, which depends on
fˆz| ↓ 〉 =
〈
fˆz
〉
↓| ↓ 〉+
√
(∆f 2z )↑| ↑ 〉+
(
(fˆz −
〈
fˆ
〉
↓)| ↓ 〉 −
√
(∆f 2z )↑| ↑ 〉
)
. (7.3)
The Faraday interaction maps the coupled state to a superposition of itself, the
fiducial state and another state orthogonal to both the coupled and the fiducial
states, proportional to (fˆz −
〈
fˆ
〉
↓)| ↓ 〉 −
√
(∆f 2z )↑| ↑ 〉. This orthogonal state is, by
definition, the transfer state. From Eq. (7.3), the transfer state is given by
| o 〉 = 1√
(∆f 2z )↓ − (∆f 2z )↑
(
∆fˆz| ↓ 〉 −
√
(∆f 2z )↑| ↑ 〉
)
(7.4)
=
1
w(↑)
(√
2∆fˆz| ↓ 〉 − v(↑)| ↑ 〉
)
.
From Eqs. (7.2) and (7.4), we see that the definitions of the coupled and transfer
states are readily generalized to the case of nonzero
〈
fˆz
〉
↑ and
〈
fˆz
〉
↓.
Using the generalized definitions of the coupled and transfer states, the internal
spin component fˆz can be expressed in the embedded qutrit basis as
fˆz =
√
(∆f 2z )↑ (| ↑ 〉〈 ↓ |+ | ↓ 〉〈 ↑ |) +
〈
fˆz
〉
↑| ↑ 〉〈 ↑ |+
〈
fˆz
〉
↓| ↓ 〉〈 ↓ | (7.5)
+
√
(∆f 2z )↓ − (∆f 2z )↑ (| ↓ 〉〈 o |+ | o 〉〈 ↓ |) +
〈
fˆz
〉
o| o 〉〈 o |.
Note that the second term contains coherences between the fiducial and the coupled
state and the fourth term contains coherences between the coupled and transfer state,
both of which are responsible for generating negative correlations in spin squeezed
states. Treating the expectation values
〈
fˆz
〉
↑,
〈
fˆz
〉
↓ and
〈
fˆz
〉
o as nonzero contributes
additional terms to fˆz, but preserves the essential coherences.
7.1.1 Collective Spin Variance
In Chapter 6, we determined the collective spin variance ∆F 2z by tracking the evolu-
tion of covariances between the collective pseudospin operators. Here, we show that
Chapter 7. Optimal Spin States for QND Squeezing 126
the exact same thing is possible with the more general definitions of the coupled and
transfer states. Due to the presence of the nonzero means in this expression, the
collective spin depends upon both the collective pseudospins and the populations.
From Eq. (7.5),
Fˆz = v(↑)Xˆ↓↑ + w(↑)Xˆo↓ +
〈
fˆz
〉
↑N↑ +
〈
fˆz
〉
↓N↓ +
〈
fˆz
〉
oNo. (7.6)
Because the populations are treated as c-numbers, however, they cancel from the
uncertainty of the collective spin,
∆Fˆz = Fˆz −
〈
Fˆz
〉 ≈ v(↑)∆Xˆ↓↑ + w(↑)∆Xˆo↓. (7.7)
The collective spin variance,
∆F 2z = v(↑)2∆X2↓↑ + 2v(↑)w(↑)
〈
∆Xˆ↓↑∆Xˆo↓
〉
S
+ w(↑)2∆X2o↓, (7.8)
takes the exact same form as Eq. (6.19).
7.1.2 Faraday Interaction
Because the Faraday interaction depends upon the collective spin Fˆz, it takes a
different form when the means
〈
fˆz
〉
↑,
〈
fˆz
〉
↓, and
〈
fˆz
〉
o are nonzero. In terms of the
collective pseudospins and populations of the ensemble,
Hˆ =
~χ
∆t
Sˆ3
(
v(↑)Xˆ↓↑ + w(↑)Xˆo↓
)
(7.9)
+
~χ
∆t
Sˆ3
(〈
fˆz
〉
↑N↑ +
〈
fˆz
〉
↓N↓ +
〈
fˆz
〉
oNo
)
.
The first term in the expression is the familiar analogue of the Faraday interaction in
the phase plane of the ensemble. The final term in this expression is absent when we
assume that
〈
fˆz
〉
↑ =
〈
fˆz
〉
↓ =
〈
fˆz
〉
o = 0. Even when these expectations are nonzero,
this term has little effect on the state of the ensemble or the entanglement between
the light and atoms. Because the populations are treated as c-numbers, the final term
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commutes with all ensemble observables and, thus, has no influence on the ensemble
dynamics. For the light, this term generates a rotation of the light’s polarization
in the Poincare´ sphere about Sˆ3. Because there is no projection noise contribution
from the populations, the fluctuations in polarization induced by the ensemble on
the light are unchanged by the presence of the final term. This term, therefore, has
no role in creating entanglement between the light and ensemble. The final term also
has no influence over preexisting entanglement. In the phase plane picture, the final
term generates a rotation of the light’s polarization, or equivalently a translation in
phase space, that affects only the first order moments of observables. Because this
term does not alter the variances or covariances, the entanglement between the light
and ensemble is unaffected. The second term can, therefore, be discarded without
any impact on spin squeezing. The Faraday interaction takes the same form whether
or not
〈
fˆz
〉
↑,
〈
fˆz
〉
↓, and
〈
fˆz
〉
o are zero, producing identical dynamics.
7.2 Differential Form of QND Measurement
Previously in Sections 4.1, and 6.5, we formulated the squeezing by QND measure-
ment protocol through a series of updates on the covariance matrix of the light and
ensemble. As previously noted, this treatment is only valid for fiducial states that
satisfy Eq. (6.39). The dynamics of the ensemble state under QND measurement
can also be written in the form of a stochastic master equation (SME) that is valid
for any fiducial state. Combined with the generalizations of the coupled and transfer
states from the previous section, this formalism can treat an ensemble prepared in
any fiducial state.
Under continuous measurement of Fˆz, the SME describing the evolution of the
ensemble state is given by
dρˆ
∣∣
QND
=
√
κ
4
H(ρˆ)dW + κ
8
L(ρˆ)dt, (7.10)
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where κ = χ2N˙L is the measurement strength. Measurement backaction on the
ensemble is taken into account by the superoperator
H(ρˆ) = Fˆzρˆ+ ρˆFˆz − 2
〈
Fˆz
〉
ρˆ. (7.11)
The Lindblad dissipator,
L(ρˆ) = [Fˆz, [ρˆ, Fˆz]], (7.12)
describes the decoherence of the ensemble from light that goes unmeasured after
interacting with the atoms.
From the SME, we can determine the evolution of a covariance
〈
∆Oˆ∆Aˆ
〉
S
under
continuous QND measurement of Fˆz. We first examine the evolution of the covariance
due to measurement backaction,
d
〈
∆Oˆ∆Aˆ
〉
S
∣∣
H =
√
κ
4
〈H(OˆAˆ+ AˆOˆ)〉dW (7.13)
−
√
κ
4
〈H(Oˆ)〉〈Aˆ〉dW −√κ
4
〈
Oˆ
〉〈H(Aˆ)〉dW
− κ
4
〈H(Oˆ)〉〈H(Aˆ)〉dt.
Note that by the rules of Ito calculus, differentials must be taken to second order [43].
When Fˆz is written in the operator basis of collective pseudo-spins and populations
in Eqs. (6.10) through (6.18), all terms involving the populations vanish from this
expression since they are treated as c-numbers. When Oˆ and Aˆ are collective pseudo
spins, the first term in Eq. (7.13) contains third order moments of the collective
pseudo spins. For an ensemble initially prepared in | ↑ 〉⊗NA , the collective pseudo
spins Xˆ↓↑, Yˆ↓↑, Xˆ↑o and Yˆ↑o are Gaussianly distributed. The collective pseudo spins
Xˆo↓ and Yˆo↓ are approximately Gaussianly distributed after population accumulates in
the coupled state. Because the third order moments contain only Gaussian operators,
they can be decomposed in terms of first and second order moments as
1
6
∑
perm
〈
OˆAˆQˆ
〉
=
〈
∆Oˆ∆Qˆ
〉
S
〈
Aˆ
〉
+
〈
∆Aˆ∆Qˆ
〉
S
〈
Oˆ
〉
+
〈
∆Oˆ∆Aˆ
〉
S
〈
Qˆ
〉
(7.14)
+
〈
Oˆ
〉〈
Aˆ
〉〈
Qˆ
〉
.
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The sum in the left hand side of this expression is taken over all permutations of
Oˆ, Aˆ and Qˆ. When the third order moments are decomposed under the Gaussian
approximation, the equation of motion for the covariance reduces to the relatively
simple expression
d
〈
∆Oˆ∆Aˆ
〉
S
∣∣
H =− κ
(
v(↑)〈∆Xˆ↓↑∆Oˆ〉S + w(↑)〈∆Xˆo↓∆Oˆ〉S) (7.15)
×
(
v(↑)〈∆Xˆ↓↑∆Aˆ〉S + w(↑)〈∆Xˆo↓∆Aˆ〉S) dt.
This differential equation nonlinearly couples the covariances of the collective pseudo-
spins.
We next turn our attention to the evolution of the covariance due to the dissipative
term in the SME,
d
〈
∆Oˆ∆Aˆ
〉
S
∣∣
L =
κ
16
〈L(OˆAˆ+ AˆOˆ)〉dt− κ
8
〈L(Oˆ)〉〈Aˆ〉dt (7.16)
− κ
8
〈
Oˆ
〉〈L(Aˆ)〉dt
=
κ
8
〈{[Fˆz, Oˆ], [Aˆ, Fˆz]}〉dt− κ
8
〈
∆Oˆ∆[Fˆz, [Aˆ, Fˆz]]
〉
dt
− κ
8
〈
∆[Fˆz, [Oˆ, Fˆz]]∆Aˆ
〉
dt
When Oˆ and Aˆ are collective pseudospins, the final two terms in this expression
involve either commutators or covariances of populations. Because the populations
are treated as c-numbers, these terms are negligible.
To obtain the full evolution of the covariance under QND measurement, we com-
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bine the contributions from measurement backaction and dissipation,
d
〈
∆Oˆ∆Aˆ
〉
S
∣∣
QND
=d
〈
∆Oˆ∆Aˆ
〉
S
∣∣
H + d
〈
∆Oˆ∆Aˆ
〉
S
∣∣
L (7.17)
=− κ
(
v(↑)〈∆Xˆ↓↑∆Oˆ〉S + w(↑)〈∆Xˆo↓∆Oˆ〉S)
×
(
v(↑)〈∆Xˆ↓↑∆Aˆ〉S + w(↑)〈∆Xˆo↓∆Aˆ〉S) dt
+
κ
8
v(↑)2〈{[Xˆ↓↑, Oˆ], [Aˆ, Xˆ↓↑]}〉dt
+
κ
8
v(↑)w(↑)〈{[Xˆo↓, Oˆ], [Aˆ, Xˆ↓↑]}〉dt
+
κ
8
v(↑)w(↑)〈{[Xˆ↓↑, Oˆ], [Aˆ, Xˆo↓]}〉dt
+
κ
8
w(↑)2〈{[Xˆo↓, Oˆ], [Aˆ, Xˆo↓]}〉dt.
For the complete evolution of the covariance, we must also include decoherence due
to optical pumping,
d
dt
〈
∆Oˆ∆Aˆ
〉
S
=
d
dt
〈
∆Oˆ∆Aˆ
〉
S
∣∣
QND
+
d
dt
〈
∆Oˆ∆Aˆ
〉
S
∣∣
op
, (7.18)
where the equation of motion for the covariances under optical pumping was derived
previously in Eq. (6.36). When the dynamics due to QND measurement and optical
pumping are combined, we obtain a closed set of differential equations that couple
the covariances between all pairs of collective pseudospins with the populations.
7.3 Optimal Fiducial State
The numerical results in Sec. 6.7 demonstrate that the choice of fiducial state has
a dramatic impact on the performance of Faraday-based squeezing protocols. Both
the coherent squeezing and decoherence of the ensemble are highly dependent on
the choice of fiducial state. Of the state preparations studied in Sec. 6.7 in the
presence of optical pumping, the mx = 0 preparation generated the most squeezing.
A natural question is what fiducial state maximizes squeezing in the presence of
optical pumping? Through the equations of motion for the covariances derived in
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the previous section, we can utilize a numerical search to find the fiducial state that
maximizes the squeezing when the ensemble is subject to QND measurement and
optical pumping.
7.3.1 Optimization
In the optimization, we seek to minimize the peak squeezing parameter over all pos-
sible fiducial states. For an ensemble of spin-f atoms, we parametrize the fiducial
state in terms of 2(2f + 1) real numbers as | ↑ 〉 = ∑fmz=−f (p2mz−1 + ip2mz)| f,mz 〉,
where
∑f
mz=−f (p
2
2mz−1 + p
2
2mz) = 1. The choice of fiducial state generates a unique
set of coupled differential equations describing the evolution of the variances and
populations. The evolution of the covariances under QND measurement and optical
pumping is given by Eq. (7.18). There are 21 equations of motion describing the
covariances, corresponding to each pair of collective pseudospins plus the variances of
each collecective pseudospin. Because QND measurement negligibly effects the pop-
ulations, we consider only the evolution of the populations due to optical pumping,
which is given in Eq. (6.30). For each fiducial state, the set of differential equations
giving the evolution of the covariances and populations can be solved to determine
the squeezing parameter after post-processing. In the case where the fiducial state
does not support a transfer state, such as for | ↑cat 〉, the squeezing parameter is given
by the expression in Eq. (6.86), which is then minimized over all t to determine the
peak squeezing. When the fiducial state does support a transfer state, both squeez-
ing parameters in Eqs. (6.85) and (6.86) are minimized over all t with the smaller of
the two representing the peak squeezing. This ensures that the transfer state is only
preserved if it is beneficial to spin squeezing.
For integer and half integer spins from f = 1 to f = 5, we minimize the squeez-
ing parameter over all fiducial states and time using an interior point algorithm in
MATLAB [44]. For the post-processing partial isometry, we choose the map to the
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SCS preparation. The exact form of the squeezing parameter that is minimized is
given in Eq. (6.88). In the case that the transfer state is discarded, Eq. (6.88) is
minimized with ∆Xˆ2o↓ → N↓/2,
〈
∆Xˆ↓↑∆Xˆo↓
〉
S
→ 0 and No → 0.
Because the landscape of the squeezing parameter as a function of time and the
fiducial state has not been studied, little is known about the presence of local minima
or saddle points. The existence of numerous local minima is likely, as the convergence
of the algorithm is highly dependent upon the initial fiducial state and time seeded
to the interior point algorithm. To compensate for this, over 100 randomly chosen
fiducial states are selected for each f and seeded to the interior point algorithm. The
minimal value of the squeezing parameter that results from this large set of initial
seeds is taken to be the optimal solution. It should be emphasized that because so
little about the optimization landscape is known, we cannot assert that the minimum
squeezing parameters found by our algorithm are absolute minima.
7.3.2 Results
The fiducial states found by the numerical optimization outperform the state prepa-
rations we have considered thus far, as shown in Fig. 7.1. Figure 7.1 (a) depicts
the peak squeezing determined by the numerical optimization for each f along with
the peak squeezing generated by the SCS, cat, and mx = 0 state preparations. The
numerical optimization significantly outperforms the state preparations for smaller
f , but for f ≥ 2 it performs only slightly better than mx = 0. Figure 7.1 (b) shows
the squeezing generated by the fiducial state found by the numerical optimization
for f = 4 along with the state preparations. While the numerical optimization only
improves upon the mx = 0 preparation by .3 dB, the fiducial state determined by
numerical optimization appears more robust to optical pumping with its squeezing
decaying more slowly with time.
We now examine the fiducial states found by the numerical optimization, which
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Figure 7.1: Performance of the fiducial states found by numerical optimization
compared to the other state preparations. Plot (a) shows the peak squeezing
generated by various state preparations for each f . Plotted are the state prepa-
rations found by numerical optimization for each f (red), the SCS preparation
(green), the cat preparation (black) and the mx = 0 (blue). Plot (b) shows the
performance of the state preparations for f = 4 versus time.
generate the squeezing depicted in Fig. 7.1. Figure 7.2 graphically represents the
fiducial states that minimize the squeezing parameter for both integer and half-
integer f . Interestingly, the fiducial states found through the numerical optimization
all take a similar form. For integer f , the fiducial states are approximately of the
form
| ↑int 〉 = cf | f,mz = f 〉+ c0| f,mz = 0 〉+ cf | f,mz = −f 〉. (7.19)
For half-integer f , the fiducial states are approximately of the form
| ↑half 〉 =cf | f,mz = f 〉+ c1/2| f,mz = 1/2 〉 (7.20)
+ c1/2| f,mz = −1/2 〉+ cf | f,mz = −f 〉.
Here, cf , c0 and c1/2 are real constants.
In both cases, the fiducial states are the superposition between a state with a
large variance in fˆz and one with less or no variance in fˆz. For integer f , these states
are | ↑cat 〉 and | f,mz = 0 〉, the superposition of which yield a variance (∆f 2z )↑int =
2|cf |2f 2. For half-integer f , the superposition consists of | ↑cat 〉 and (| f,mz = 1/2 〉
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Figure 7.2: Fiducial states found by numerical optimization for (a) integer f and
(b) half integer f . Each bar in position (f,mz) corresponds to the fˆz eigenstate
| f, mz 〉. The z-axis gives the weight, |〈 f, mz |ψ〉|, on each eigenstate for a
fiducial state |ψ 〉.
+ | f,mz = −1/2 〉)/
√
2, resulting in a variance of (∆f 2z )↑half = 2|cf |2f 2 + |c1/2|2/2.
This superposition is likely caused by competition between the coherent squeezing
interaction and the spin flip rate. The strength of the coherent squeezing interaction
is governed by the collective spin coupling constant, given in Eq. (3.14), which is
proportional to (∆f 2z )↑. From the master equation in Eq. (6.24), the spin flip rate
also depends upon (∆f 2z )↑,
Γflip = γs〈 ↓ |D (| ↑ 〉〈 ↑ |) | ↓ 〉 (7.21)
=
gfγs
9
(
(∆f 2z )↑ +
1
2
|〈 ↑ |fˆy| ↓ 〉|2 + 1
2
|〈 ↑ |fˆx| ↓ 〉|2
)
.
Both the coherent squeezing interaction and spin flip rate increase with the variance
of the fiducial state in fˆz. The superposition between states with large and small
variances in fˆz seem to balance the coherent and incoherent dynamics. The state
with large variance boosts squeezing, while the state with smaller variance minimizes
decoherence due to spin flips.
Another interesting property of these fiducial states is the existence of a beneficial
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Figure 7.3: Performance of fiducial states found by numerical optimization for
(a) f = 4 and (b) f = 7/2. The squeezing generated by the state preparations is
plotted versus time with the transfer state preserved (solid) and with the transfer
state eliminated (dashed).
transfer state. For simplicity, we focus on the case where f is an integer. From Eq.
(3.40), the coupled state is
| ↓int 〉 = 1√
2|cf |
(cf | f,mz = f 〉 − cf | f,mz = −f 〉) . (7.22)
The coupled state enables us to deduce the transfer state from Eq. (5.35),
| oint 〉 = cf |c0|√
2|cf |
(| f,mz = f 〉+ | f,mz = −f 〉) (7.23)
−
√
2|cf |c0
|c0| | f,mz = 0 〉.
Recall that the transfer state is beneficial to spin squeezing if the conditions in Eqs.
(5.40) and (5.41) are satisfied by the fiducial, coupled and coherence states. For the
master equation in the rotating frame, the first condition is equivalent to
T (↑) = Re[〈 o |D (| ↓ 〉〈 ↑ |) | ↓ 〉 > 0. (7.24)
This ensures that negative correlations are preserved due to the entanglement in-
volving the transfer and the coupled states. The second condition is equivalent to
N(↑) = 〈 o |D(| ↑ 〉〈 ↑ |)| o 〉 = 0. (7.25)
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This ensures the transfer state does not contribute to the noise injection. For f > 1,
the states | ↑int 〉, | ↓int 〉 and | oint 〉 satisfy these conditions, demonstrating a beneficial
transfer of coherence. Note that when c0 = 0, | ↑int 〉 is a cat state with no transfer of
coherence. The presence of a term with weight on the eigenstate | f,mz = 0 〉 ensures
that a beneficial transfer state exists, making | ↑int 〉 more robust to decoherence than
the cat state.
For f > 3/2, | ↑half 〉, | ↓half 〉 and | ohalf 〉 satisfy conditions (7.24) and (7.25), imply-
ing that a transfer of coherence likewise exists in the half-integer case. The impact
of the transfer state on the squeezing generated by both | ↑int 〉 and | ↑half 〉 is shown
in Fig. 7.3 for (a) f = 4 and (b) f = 7/2. Preserving the transfer state increases
the squeezing produced by both preparations by 2.6 dB. The presence of the transfer
state additionally slows the decay of the squeezing due to optical pumping. Transfers
of coherence are a significant factor in the performance of the fiducial states found
through numerical optimization.
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Chapter 8
Squeezing with Paraxial Beams
In the previous discussion and in most work on spin squeezing involving free space
atomic ensembles, the light is assumed to be a plane wave that couples identically
to all atoms. While it is possible to create plane-like waves in a laboratory when
the beam area is large compared to the spatial extent of the ensemble, this results
in poor mode matching between their respective radiation patterns. Because gen-
erating interatomic entanglement requires the atoms to be as indistinguishable as
possible, mode matching is essential for maximizing spin squeezing. In this chapter,
we replace plane waves with focused paraxial beams and derive equations of motion
for the ensemble observables. Because paraxial beams, unlike plane waves, are spa-
tially inhomogeneous, the geometries of both the atomic ensemble and probe beam
are crucial factors in determining the degree of atom-light coupling. As we have
seen in the preceding chapters, the peak squeezing that we can achieve depends on
the balance between coherent squeezing and decoherence. Since decoherence is also
spatially inhomogeneous, the optimal geometries for squeezing depend both on spa-
tial mode matching and optimizing this balance. Using our formalism, we find the
optimal ensemble and beam geometries for maximal mode matching and generation
of spin squeezing.
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8.1 Paraxial Beams
In a realistic implementation of spin squeezing in a free space atomic ensemble, the
light emerging from the probe laser is well approximated as a Gaussian beam in
the TEM00 spatial mode. The intensity of a beam in the TEM00 mode is spatially
varying and proportional to the square of the mode function,
u00(r⊥, z) =
w0
w(z)
e
− |r⊥|
2
[w(z)]2 e
ik0|r⊥|2
2R(z) e−iΦ(z). (8.1)
Here, the beam waist, radius of curvature, and Gouy phase are given by
w(z) = w0
√
1 + (z/zR)2, (8.2)
R(z) = z
(
1 + (zR/z)
2
)
and (8.3)
Φ(z) = tan−1(z/zR), (8.4)
for Rayleigh range zR ≡ k0w20/2 and minimum beam waist w0.
The field of the probe beam in the TEM00 mode satisfies the paraxial wave
equation. For a spatially elongated ensemble, the light coherently scattered by the
atoms is also paraxial. With this motivation, we partition the electric field scattered
by the ensemble into two components,
Eˆ
(+)
scat(r, t) = Eˆ
(+)
para(r, t) + Eˆ
(+)
diff (r, t), (8.5)
where Eˆ
(+)
para(r, t) is the field of the coherently scattered paraxial light and Eˆ
(+)
diff (r, t)
is the field of the scattered non-paraxial light, which includes light spontaneously
emitted by the atoms. Solutions to the paraxial wave equation can be decomposed
into sums of orthogonal Gaussian mode functions, upl(r). Employing such a decom-
position, the positive frequency component of the paraxial field becomes
Eˆ(+)para(r, t) =
∑
pl,a=x,y
√
2pi~ω0
cA
ea aˆpl,a(z, τ)upl(r, z)e
i(k0z−ω0t), (8.6)
where τ = t − z/c is the retarded time along the propagation direction, A is the
transverse beam area and a denotes the beam’s polarization. As illustrated by the
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positive frequency component, each mode function describes the field amplitude of an
orthogonal transverse spatial mode, which we denote by the indices pl. The operator
aˆpl,a(zi, t) represents the annihilation of a photon in the transverse spatial mode pl
and the polarization mode a.
One of the most valuable features of the mode functions upl(r) is that they form
a orthogonal basis over functions of the transverse coordinate, r⊥, at a fixed z. Here,
we have partitioned the spatial coordinate r into r⊥ and z, where z is the longitudinal
coordinate parallel to the beam’s axis of propagation. The mode functions are chosen
to be dimensionless, obeying the orthogonality and completeness relations∫
d2r⊥u∗pl(r⊥, z)up′l′(r⊥, z) = Aδp,p′δl,l′ (8.7)
and ∑
p,l
upl(r⊥, z)u∗pl(r
′
⊥, z) = Aδ
(2)(r⊥ − r′⊥). (8.8)
These conditions imply that any function of r⊥ at fixed z can be expressed as a sum
of mode functions. This property will prove vital in deriving the equations of motion
for the system.
8.2 Three-Dimensional Atomic Ensemble
The spatial distribution of the ensemble is critical in determining properties of the
atom-light interface. As we will later discuss, it is the geometry of the ensemble
that determines the decomposition of the coherently scattered field into transverse
spatial modes. Additionally, because the intensity of the probe varies throughout
the ensemble, properties such as the strength of the Faraday interaction, the rate of
squeezing and the rate of optical pumping are all position dependent. Whereas in the
plane wave case we can ignore the position degrees of freedom of the atoms, in the
paraxial case we must associate to each atom i a spatial coordinate ri = (r⊥i, zi). To
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simplify calculations, we will often approximate the discrete distribution of atoms in
the ensemble as a continuous density, η(r). For instance, in the simulations presented
in Sec. 8.6, we treat the density of the ensemble as a cylindrically symmetric Gaussian
cloud with
η(r) = η0 exp
(
−2 ρ
2
σ2⊥
− 2 z
2
σ2z
)
. (8.9)
In this expression, σ2⊥ and σ
2
z are the transverse and longitudinal 1/e
2 variances and
η0 is the peak density at the center of the cloud. This approximates the density of a
large cloud of cold atoms confined in a dipole trap. As in the classical propagation
of a wave through a gas, it is this continuous density that is responsible for the
index of refraction; the density fluctuations associated with the discrete positions
are responsible for diffuse scattering.
8.3 The Multimode Faraday Interaction
As in the case of the Faraday interaction with plane waves, the collective spin of the
atomic ensemble causes the polarization of the light to rotate from x to y. Unlike
the plane wave case, however, the ensemble radiates the light into a superposition of
spatial modes outside the TEM00 mode of the probe. These effects are described by
the multimode Faraday interaction [28]
Hˆ=−i~
√
κ
2
∑
i,p,l
[
β∗pl(r⊥i, zi)aˆpl,y(zi, t)−h.c.
]
fˆ (i)z , (8.10)
where βpl(r⊥, z) is a product of mode functions given by
βpl(r⊥, z) ≡ u∗pl(r⊥, z)u00(r⊥, z). (8.11)
This Hamiltonian corresponds to annihilation of a photon in the fundamental mode
with x-polarization and creation in another paraxial mode with y-polarization. The
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final result follows from a Holstein-Primakoff approximation treating the fundamen-
tal mode as a macroscopically occupied c-number. Equation (8.10) is summed over all
transverse modes pl and atoms in the ensemble, i, with spatial coordinates (r⊥i, zi).
Note that rather than being proportional to the collective spin operator Fˆz, like the
plane wave Faraday interaction in Eq. (3.7), the multimode Faraday interaction de-
pends upon a sum of the internal spin operators weighted by the functions βpl(r⊥, z).
These weighted sums, referred to as spin waves, are given by
Fˆ plz =
∑
i
βpl(r⊥i, zi)fˆ (i)z . (8.12)
Each spin wave is the effective collective spin of atoms absorbing photons in the
TEM00 spatial mode of the probe beam and radiating into the transverse mode pl.
A particularly important spin wave is the so-called fundamental spin wave, Fˆ 00z ,
which represents the effective collective spin of the atoms that re-radiate into the
TEM00 mode of the probe.
As in the plane wave case, squeezing of the ensemble can be created by QND
measurement of the light. The presence of transverse spatial modes adds subtlety to
this process, however. At the plane of the polarimeter, the probe light in the TEM00
mode interferes with the coherently scattered light, which is in a superposition of
transverse spatial modes. The probe light destructively interferes with all spatial
mode components of Eˆ
(+)
para(r, t), except for pl = 00. Consequently, the detector only
measures scattered light in the TEM00 mode. This light carries information about
the atomic ensemble just as it did in the plane wave case. The polarimetry signal
takes the form,
Xˆ00(∆t) = Xˆ00(0) +
√
κ
2
Fˆ 00z (0). (8.13)
Because the TEM00 mode only couples to the fundamental spin wave, the signal
depends upon Fˆ 00z alone. As in the plane wave case, a measurement of Xˆ00 extracts
information about the fundamental spin wave and creates squeezing by measurement
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backaction. The strength of the measurement backaction depends on the entangle-
ment between the light and ensemble created by the Faraday interaction. Analogous
to the plane wave case discussed in Sec. 3.2, the entanglement between the light and
ensemble increases with the projection noise fluctuations of the fundamental spin
wave. Thus, we define a paraxial collective spin coupling constant analogous to ξ
from Eq. (3.14),
ξpara =
∫ ∆t
0
dt(∆X200)PN∫ ∆t
0
dt(∆X200)SN
=
(
∆F 00z (0)
)2
κ∆t. (8.14)
Here, (∆X200)PN and (∆X
2
00)SN are the projection noise variance and shot noise
variance of the signal. In the definition of the paraxial collective spin coupling
constant, these signal variances in the detector are integrated over a time ∆t. As
in the plane wave case, backaction is maximized when the projection noise of the
ensemble dominates over the shot noise of the light.
From the definition of the paraxial collective spin coupling constant, measurement
backaction increases with the initial projection noise fluctuations of the fundamental
spin wave. In a departure from the plane wave case, these fluctuations depends not
just upon the fiducial state, but upon the probe beam and the density of the atomic
ensemble. For an ensemble with each atom prepared in the fiducial state | ↑ 〉,
(∆F 00z (0))
2 =
∑
i,j
β00(ri)β00(rj)〈 ↑i↑j |∆fˆ (i)z ∆fˆ (j)z | ↑i↑j 〉 (8.15)
=
∑
i
β00(ri)
2(∆f 2z )↑. (8.16)
By treating the atomic ensemble as a continuous density distribution, this expression
becomes
(∆F 00z (0))
2 =
∫
d3r η(r)β00(r)
2(∆f 2z )↑ = N
00 (2)
eff (∆f
2
z )↑. (8.17)
We refer to N
00 (2)
eff as an effective atom number in the fundamental mode.
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The general expression for the Kth effective atom number in the transverse mode
pl is given by
N
pl (K)
eff =
∫
d3r η(r)βpl(r)
K . (8.18)
The effective atom numbers are associated with different physical quantities. The
initial variances of the spin waves are related to the K = 2 effective atom numbers,
while the means are related to K = 1. The mean of the spin wave operator Oˆpl =∑
i βpl(ri)oˆ
(i) is given by〈
Oˆpl
〉
=
∫
d3r η(r)βpl(r)
〈
oˆ
〉
= N
pl (1)
eff
〈
oˆ
〉
. (8.19)
Because the collective spin coupling constant is proportional to N
00 (2)
eff , this ef-
fective atom number has special significance. The parameter N
00 (2)
eff quantifies the
effective number of atoms that are radiating light back into the probe mode. When
N
00 (2)
eff is large, the ensemble is well mode matched and the atoms are less distin-
guishable, leading to enhanced interatomic entanglement and spin squeezing. In a
parallel sense, the effective atom numbers N
pl (2)
eff for pl 6= 00 quantify the strength of
the scattered field in modes outside of the TEM00 mode of the probe. Having large
values of N
pl (2)
eff for pl 6= 00 is a symptom of poor mode matching. In analogy with
the plane wave case, we define the effective optical density in terms of N
00 (2)
eff as
ODeff = N
00 (2)
eff
σ0
A
. (8.20)
This quantifies the strength of the mode matched coupling between the ensemble
and probe. Note that the values of all effective atom numbers, and thus ODeff, are
governed by the density of the atomic ensemble and the geometry of the probe.
8.4 Paraxial Spin Squeezing Parameter
For a Gaussian probe beam in the TEM00 mode, QND measurement creates squeezing
in the associated spin wave Fˆ 00z . Because we are interested in utilizing this spin wave
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squeezing for applications in metrology, we quantify its strength through the angular
resolution of a magnetometer, ∆φ, introduced in Sec. 2.3. In a situation analogous
to the plane wave case, the ensemble is initially polarized along x. We wish to
deduce the magnitude of a rotation, φ, about y by measuring the collective spin of
the ensemble along z. This can be accomplished by the Faraday effect, i.e. shining
a linearly polarized probe through the ensemble and measuring the rotation angle of
the polarization. For a plane wave probe propagating in the z direction, the rotation
of the light’s polarization is proportional to Fˆz by the Faraday interaction. For a
Gaussian probe in the TEM00 mode propagating along z, the rotation of the light’s
polarization is proportional to the fundamental spin wave, Fˆ 00z . The precision with
which we can determine φ, thus, depends on the uncertainty ∆F 00z . The precision
also depends on a mean spin wave component orthogonal to z, analogous to
〈
Fˆx
〉
in the plane wave case. For an ensemble initially polarized along x, the signal is
the mean spin of the effective number of atoms addressed by the probe light in the
TEM00 mode,〈
Fˆ 00x
〉
=
∑
i
β00(ri)
〈
fˆ (i)x
〉
= N
00 (1)
eff
〈
fˆ (i)x
〉
. (8.21)
Similar to Sec. 2.3, the complete expression for the angular resolution of the mag-
netometer is
∆φ =
∆F 00z〈
Fˆ 00x
〉 . (8.22)
For an ensemble prepared in a spin coherent state, the resolution is
∆φSCS =
1
N
00 (1)
eff
√
N
00 (2)
eff
2f
. (8.23)
The Wineland squeezing parameter compares the performance of the state we wish
quantify with the performance of a spin coherent state. For the paraxial case, the
Wineland squeezing parameter becomes
ζpara ≡
(
∆φ
∆φSCS
)2
= 2f
(
N
(1)
eff
)2
N
(2)
eff
(∆F 00z )
2〈
Fˆ 00x
〉2 . (8.24)
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This expression quantifies the degree to which QND measurement improves the an-
gular resolution of a magnetometer over an initially spin coherent ensemble. Note
that unlike the squeezing parameter for the plane wave case in Eq. (2.13), the parax-
ial squeezing parameter depends on the geometry of the ensemble as well as the state
of the collective spin due to the presence of the different effective atom numbers.
8.5 Equation of Motion for Spin Waves
To determine the paraxial squeezing parameter, we must track the evolution of the
spin waves. We follow a procedure similar to Chapters 6 and 7, deriving a set of
coupled differential equations that describe the behavior of the ensemble observables
or spin waves, in this case. The spin waves evolve due to both optical pumping of the
ensemble and continuous QND measurement. For simplicity, in the text we present
only the equations of motion for the spin waves in the f = 1/2 case, where the
ensemble is prepared in a SCS. The fully generalized case for f ≥ 1/2 and arbitrary
fiducial states is given in Appendix B.
As mentioned previously, decoherence from optical pumping occurs when light
from the probe beam is diffusely scattered. The optical pumping induced by a
paraxial beam on the ensemble acts locally on each atom. It is described by the
master equation
dρˆ
dt
∣∣∣
op
=
∑
i
γs(ri)D(i)(ρˆ), (8.25)
where D(i) is the superoperator given in Eq. (6.25) in the rotating frame defined by
the bias magnetic field along the z-axis. This master equation is almost identical
to the master equation defined in Eq. (6.24) for the plane wave case, except that
the photon scattering rate is not uniform throughout the atomic ensemble. This is
a consequence of the spatially inhomogeneous intensity of the probe, I00(r). The
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photon scattering rate, which increases with the intensity of the probe, is given by
γs(r) = I00(r)
σ0
~ω
Γ2
4∆2
= γ0β00(r), (8.26)
where γ0 is the peak scattering rate at the ensemble’s center. As a result of the
inhomogeneous probe, atoms at positions in the ensemble with different intensities
undergo different rates of optical pumping.
Continuous QND measurement of the fundamental spin wave is described by the
stochastic master equation,
dρˆ =
√
κ
4
H00(ρˆ) dW + κ
4
∑
p,l
Lpl(ρˆ) dt, (8.27)
which takes a form similar to the SME in the plane wave case in Eq. (7.10). A
detailed derivation of the paraxial SME is provided in Ref. [28]. The effect of
measurement backaction on the ensemble is taken into account by the superoperator
H00(ρˆ), where
H00(ρˆ) = Fˆ 00z ρˆ+ ρˆFˆ 00†z − Tr((Fˆ 00z + Fˆ 00†z )ρˆ)ρˆ. (8.28)
Because the fundamental spin wave is the measured observable, H00 depends upon
Fˆ 00z rather than Fˆz, as in the plane wave case. The Lindblad superoperator,
Lpl(ρˆ) = Fˆ plz ρˆFˆ pl†z −
1
2
Fˆ pl†z Fˆ
pl
z ρˆ−
1
2
ρˆFˆ pl†z Fˆ
pl
z , (8.29)
describes decoherence of the ensemble arising from coherent scattering of the light
into all transverse spatial modes. In the case of pl 6= 00, the light is unmeasured and
carries away information about the ensemble state.
8.5.1 Evolution of the Mean Spin Waves
We first consider the evolution of
〈
Fˆ plx
〉
, the mean of a spin wave in spatial mode pl,
defined as
Fˆ plx =
∑
i
βpl(ri)fˆ
(i)
x . (8.30)
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Because collective scattering and measurement backaction negligibly affect the dy-
namics of the mean spin, to good approximation the evolution of
〈
Fˆ plx
〉
is dominated
by optical pumping. The spatially varying nature of the photon scattering rate makes
deriving the equations of motion for the ensemble observables slightly more compli-
cated than in Sec. 6.4. The master equation describing the evolution of the density
operator, ρˆ(i), of a single atom takes the form
dρˆ(i)
dt
∣∣∣
op
= γs(ri)D(i)(ρˆ). (8.31)
From this master equation, we can compute the equation of motion for the spin
component fˆ
(i)
x of a single atom,
d
dt
fˆ (i)x
∣∣∣
op
= γs(ri)D(i)(fˆ (i)x ). (8.32)
For f = 1/2, the superoperator in this expression simplifies to Di(fˆ (i)x ) = −fˆ (i)x /3.
From Eq. (8.30), we obtain the equation of motion for the spin wave,
d
dt
〈
Fˆ plx
〉
= −γ0
3
∑
i
β00(ri)βpl(ri)
〈
fˆ (i)x
〉
. (8.33)
By decomposing β00(r)βpl(r) in terms of orthogonal mode functions, the right hand
side of Eq. (8.33) can be expressed as a sum of spin wave operators. In terms of the
mode functions,
β00(r⊥, z)βpl(r⊥, z) = |u00(r⊥, z)|2u∗pl(r⊥, z)u00(r⊥, z)
=
∑
p′,l′
cplp′l′(z)βp′l′(r⊥, z), (8.34)
where we have made use of the orthogonality and completeness conditions in Eqs.
(8.7) and (8.8) to define projection coefficients,
cplp′l′(z) ≡
1
A
∫
d2r⊥ [u00(r⊥, z)]
2 u∗pl(r⊥, z)up′l′(r⊥, z). (8.35)
Because the projection coefficients depend on the longitudinal coordinate, z, we
coarse grain the ensemble into longitudinal slices along z. When restricted to a
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coarse-grained slice k of thickness δz centered at longitudinal coordinate zk, Eq.
(8.33) becomes
d
dt
〈
Fˆ plx (zk)
〉
= −γ0
3
∑
ik
β00(rik)βpl(rik)
〈
fˆ (ik)x
〉
, (8.36)
where ik is an index over all atoms in slice k. By performing the projection in Eq.
(8.34), we obtain an infinite hierarchy of differential equations that couple mean spin
waves in a given slice to one another,
d
dt
〈
Fˆ plx (zk)
〉
= −γ0
3
∑
p′,l′
cplp′l′(zk)
〈
Fˆ p
′l′
x (zk)
〉
. (8.37)
An approximate solution to Eq. (8.37) is found for each slice by choosing a width,
δz, and truncating the number of spin waves at some index pmax, lmax. The result is
a finite system of coupled differential equations describing mean spins,
〈
Fˆ plx (zk)
〉
, in
each slice k, where 0 ≤ l ≤ lmax and 0 ≤ p ≤ pmax. Solving this system of coupled
differential equations requires the initial conditions of the mean spin waves in each
slice. Using
〈
fˆx(0)
〉
= 1/2 for the initial SCS state of the ensemble,
〈
Fˆ plx (zk, t = 0)
〉
=
∑
ik
βpl(rik)
〈
fˆ (ik)x (0)
〉
=
1
2
∑
ik
βpl(rik), (8.38)
where ik is an index over all atoms in slice k. For an average atomic density, η(r),
the sum becomes an integral,
〈
Fˆ plx (zk, t = 0)
〉
=
δz
2
∫
d2r η(r, zk)βpl(r, zk). (8.39)
After solving the system of coupled differential equations, summing over the solutions
at each slice gives the mean of the fundamental spin wave,
〈
Fˆ 00x (t)
〉
=
∑
k
〈
Fˆ 00x (zk, t)
〉
. (8.40)
Equation (8.40) is the fundamental mean spin in the definition of the paraxial squeez-
ing parameter.
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8.5.2 Evolution of the Spin Wave Variances
To solve for the variance of the fundamental spin wave, we follow a similar procedure.
We start with the covariance between spin waves on different transverse modes pl
and p′l′,
〈
∆Fˆ plz ∆Fˆ
p′l′
z
〉
=
〈
Fˆ plz Fˆ
p′l′
z
〉− 〈Fˆ plz 〉〈Fˆ p′l′z 〉. (8.41)
Unlike the mean spin, we cannot neglect the effects of continuous QND measurement.
In this section, we solve for the equation of motion of the covariance under both
optical pumping and continuous measurement.
We first consider optical pumping. Decomposing the spin waves in Eq. (8.41) via
Eq. (8.12) shows that the covariance is the sum of both single atom and pairwise
atomic correlations functions,
〈
∆Fˆ plz ∆Fˆ
p′l′
z
〉
=
∑
i
βpl(ri)βp′l′(ri)
〈
∆fˆ (i) 2z
〉
(8.42)
+
∑
i 6=j
βpl(ri)βp′l′(rj)
〈
∆fˆ (i)z ∆fˆ
(j)
z
〉
.
The equation of motion for the single atom correlation function,
〈
∆fˆ
(i) 2
z
〉
, can be
determined through the master equation in Eq. (8.31), which gives the evolution of
a single atom. From Eq. (8.31),
d
dt
∑
i
〈
∆fˆ (i) 2z
〉∣∣
op
=
∑
i
γs(ri)
{〈D(i)(fˆ (i)2z )〉− 2〈D(i)(fˆ (i)z )〉〈fˆ (i)z 〉}. (8.43)
Deriving the equation of motion for the pairwise correlation function,
〈
∆fˆ
(i)
z ∆fˆ
(j)
z
〉
i 6=j,
in Eq. (8.42) requires the master equation describing the evolution of any two atoms
in the ensemble. This master equation is given by
d
dt
ρˆ(i,j)
∣∣∣
op
= γs(ri)D(i)(ρˆ(i,j)) + γs(rj)D(j)(ρˆ(i,j)). (8.44)
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From Eq. (8.44),
d
dt
∑
i 6=j
〈
∆fˆ (i)z ∆fˆ
(j)
z
〉∣∣
op
= (8.45)
∑
i 6=j
{
γs(ri)
〈
∆Di
[
fˆ (i)z
]
∆fˆ (j)z
〉
+γs(rj)
〈
∆fˆ (i)z ∆Dj
[
fˆ (j)z
]〉}
.
Combining Eqs. (8.42), (8.43) and (8.45) yields the equation of motion for the
covariance,
d
dt
〈
∆Fˆ plz ∆Fˆ
p′l′
z
〉∣∣
op
= (8.46)∑
i
βpl(ri)βp′l′(ri)γs(ri)
{〈D(i)(fˆ (i)2z )〉− 2〈D(i)(fˆ (i)z )〉〈fˆ (i)z 〉}
+
∑
i 6=j
βpl(ri)βp′l′(rj)
{
γs(ri)
〈
∆D(i)(fˆ (i)z )∆fˆ (j)z 〉+γs(rj)〈∆fˆ (i)z ∆D(j)(fˆ (j)z )〉}.
After some algebra, this expression becomes
d
dt
〈
∆Fˆ plz ∆Fˆ
p′l′
z
〉∣∣
op
= (8.47)
γs
∑
i,j
βpl(ri)βp′l′(rj)
{
β00(ri)
〈
∆D(i)(fˆ (i)z )∆fˆ (j)z 〉+β00(rj)〈∆fˆ (i)z ∆D(j)(fˆ (j)z )〉}
+ γs
∑
i
βpl(ri)βp′l′(ri)β00(ri)
{〈D(i)(fˆ (i)2z )〉− 〈{D(i)(fˆ (i)z ), fˆ (i)z }〉}.
For f = 1/2, the terms in this equation of motion can be simplified by D(i)(fˆ (i)z ) =
−2fˆ (i)z /9 and D(i)(fˆ (i) 2z ) = D(i)(I(i)/4) = 0, where the latter equality is the conse-
quence of D(i) being trace preserving when f = 1/2. Equation (8.47) becomes
d
dt
〈
∆Fˆ plz ∆Fˆ
p′l′
z
〉∣∣
op
= (8.48)
− 2γs
9
∑
i
(
βpl(ri)β00(ri)
〈
∆fˆ (i)z ∆Fˆ
p′l′
z
〉
+ βp′l′(ri)β00(ri)
〈
∆Fˆ plz ∆fˆ
(i)
z
〉)
+
γs
9
∑
i
βpl(ri)βp′l′(ri)β00(ri).
By coarse graining each spin wave into longitudinal slices in the same manner as the
mean spin, we can use the projection coefficients in Eq. (8.35). When the spin wave
Chapter 8. Squeezing with Paraxial Beams 151
Fˆ plz is restricted to slice k and the spin wave Fˆ
p′l′
z is restricted to slice k
′, the equation
of motion becomes
d
dt
〈
∆Fˆ plz (zk)∆Fˆ
p′l′
z (zk′)
〉∣∣
op
= (8.49)
− 2γs
9
∑
ik
βpl(rik)β00(rik)
〈
∆fˆ (ik)z ∆Fˆ
p′l′
z (zk′)
〉
− 2γs
9
∑
ik′
βp′l′(rik′ )β00(rik′ )
〈
∆Fˆ plz (zk)∆fˆ
(ik′ )
z
〉)
+ δk,k′
γs
9
∑
i
βpl(ri)βp′l′(ri)β00(ri)
By performing the projection in Eq. (8.34), we obtain
d
dt
〈
∆Fˆ plz (zk)∆Fˆ
p′l′
z (zk′)
〉∣∣
op
= (8.50)
− 2γs
9
∑
p′′l′′
[
cplp′′l′′(zk)
〈
∆Fˆ p
′′l′′
z (zk)∆Fˆ
p′l′
z (zk′)
〉
+cp
′l′
p′′l′′(zk′)
〈
∆Fˆ plz (zk)∆Fˆ
p′′l′′
z (zk′)
〉]
+
γs
9
Nplp′l′(zk)δk,k′ .
In the equation of motion, Nplp′l′(zk) arises from the sum in the final term of Eq.
(8.49), which can be expressed as an integral over the density of the atomic cloud,
Nplp′l′(zk) = δz
∫
d2rη(r, zk)β00(r, zk)βpl(r, zk)βp′l′(r, zk). (8.51)
Note that for the fundamental mode, p, p′, l, l′ = 0 and Nplp′l′(zk) is N
(3)
eff in slice zk.
We now turn our attention to the evolution of the covariances under continuous
QND measurement. As demonstrated by Eq. (8.50), optical pumping couples the
covariances
〈
∆Fˆ plz (zk)∆Fˆ
p′l′
z (zk′)
〉
between spin waves in slices zk and zk′ to one an-
other. From the SME in Eq. (8.27), we can find the equations of motion for these
covariances as the fundamental spin wave is measured. The SME includes decoher-
ence from collective scattering into transverse modes other than the fundamental
mode, which is described by the map Lpl in Eq. (8.29). Note that this map has
no effect on the covariances since the spin waves Fˆ plz commute with one another.
The evolution of the covariances, thus, depends entirely on measurement backaction,
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which is described by the map H00 in Eq. (8.28). The equation of motion for the
covariances is given by
d
〈
∆Fˆ plz (zk)∆Fˆ
p′l′
z (zk′)
〉∣∣∣
QND
= (8.52)√
κ
4
{〈H00[Fˆ plz (zk)Fˆ p′l′z (zk′)]〉− 〈H00[Fˆ plz (zk)]〉〈Fˆ p′l′z (zk′)〉
− 〈Fˆ plz (zk)〉〈H00[Fˆ p′l′z (zk′)]〉}dW − κ4〈H00[Fˆ plz (zk)]〉〈H00[Fˆ p′l′z (zk′)]〉dt.
The final term in the equation of motion arises from the rule of Ito¯ calculus that
differentials must be taken to second order [43], i.e. d(XY ) = (dX)Y + X(dY ) +
(dX)(dY ). The map H00 couples the first and second order moments of the spin
waves to higher order moments. For the initial SCS along x and during its subsequent
evolution, the spin waves Fˆ plz are Gaussian distributed, both over the entire cloud
and within each coarse-grained slice k. The third order moments of the spin waves
can, therefore, be expressed in terms of first and second order moments through the
relation [43]
〈
XˆYˆ Zˆ
〉
=
〈
∆Xˆ∆Yˆ
〉〈
Zˆ
〉
+
〈
∆Xˆ∆Zˆ
〉〈
Yˆ
〉
+
〈
∆Yˆ∆Zˆ
〉〈
Xˆ
〉
(8.53)
+
〈
Xˆ
〉〈
Yˆ
〉〈
Zˆ
〉
.
The decomposition in Eq. (7.14) reduces to this expression when the operators
commute. In this regime, all stochastic terms in Eq. (8.52) cancel, leaving the
deterministic equation:
d
dt
〈
∆Fˆ plz (zk)∆Fˆ
p′l′
z (zk′)
〉∣∣∣
QND
= −κ〈∆Fˆ plz (zk)∆Fˆ 00z 〉〈∆Fˆ p′l′z (zk′)∆Fˆ 00z 〉 (8.54)
= −κ
∑
k′′,k′′′
〈
∆Fˆ plz (zk)∆Fˆ
00
z (zk′′)
〉〈
∆Fˆ p
′l′
z (zk′)∆Fˆ
00
z (zk′′′)
〉
. (8.55)
These dynamics, which arise from continuous polarimetry measurements, serve to
generate the correlations that produce spin squeezing.
By combining Eq. (8.50) and Eq. (8.55), we obtain the full equation of motion
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for the covariances under both optical pumping and continuous measurement,
d
dt
〈
∆Fˆ plz (zk)∆Fˆ
p′l′
z (zk′)
〉
=
d
dt
〈
∆Fˆ plz (zk)∆Fˆ
p′l′
z (zk′)
〉∣∣∣
op
(8.56)
+
d
dt
〈
∆Fˆ plz (zk)∆Fˆ
p′l′
z (zk′)
〉∣∣∣
QND
=− κ
∑
k′′,k′′′
〈
∆Fˆ plz (zk)∆Fˆ
00
z (zk′′)
〉〈
∆Fˆ p
′l′
z (zk′)∆Fˆ
00
z (zk′′′)
〉
(8.57)
− 2γs
9
∑
p′′l′′
[
cplp′′l′′(zk)
〈
∆Fˆ p
′′l′′
z (zk)∆Fˆ
p′l′
z (zk′)
〉
+cp
′l′
p′′l′′(zk′)
〈
∆Fˆ plz (zk)∆Fˆ
p′′l′′
z (zk′)
〉]
+
γs
9
Nplp′l′(zk)δk,k′ .
This is an infinite set of differential equations that nonlinearly couples all covariances
between spin waves in slices k and k′ to one another.
As in the case of the mean spin waves, the solution to this set of equations is
approximated by truncating Eq. (8.57) at some pmax and lmax. Solving the resulting
finite set of differential equations requires the initial values of the covariances, which
are given by〈
∆Fˆ plz (zk)∆Fˆ
p′l′
z (zk′)
〉
(0) =
∫
d2r η(r, zk)βpl(r, zk)βp′l′(r, zk)
〈
fˆ (ik)z (0)fˆ
(ik′ )
z (0)
〉
= δk,k′
δz
4
∫
d2r η(r, zk)βpl(r, zk)βp′l′(r, zk). (8.58)
The second equality follows because
〈
fˆ
(ik)
z (0)fˆ
(ik′ )
z (0)
〉
= δk,k′/4 for the initial SCS of
the ensemble. With these initial conditions and the equations of motion, we can solve
for the evolution of all covariances under both QND measurement and decoherence
by optical pumping. In particular, we can solve for the covariances between the
fundamental spin waves in different slices. Summing these covariances over all slices
k and k′ yields the variance of the fundamental spin wave,
(∆F 00z )
2 =
∑
k,k′
〈
∆Fˆ 00z (zk)∆Fˆ
00
z (zk′)
〉
. (8.59)
From the variance of the fundamental spin wave, we can determine the paraxial
squeezing parameter.
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8.6 Results
In this section, we use the equations of motion for the spin waves to determine the
optimal geometries of the atomic ensemble and probe beam for both mode matching
and spin squeezing. In an experimental setting, the probe beam is tuned by varying
the beam waist, ω0. Because the Rayleigh range increases with the square of the beam
waist, ω0 determines both the longitudinal and transverse extent of the ensemble
that lies within the region of high field intensity. We consider an experimental
implementation in which the atoms are cooled and confined in a crossed beam dipole
trap. In this case, the geometry of the atomic ensemble is well approximated by
the continuous Gaussian density distribution in Eq. (8.9). Adjusting the angle
between the trapping beams creates atomic ensembles with different transverse and
longitudinal 1/e2 variances, which we denote by σ2⊥ and σ
2
z . The geometry of the
ensemble is described concisely with the aspect ratio, defined as AR = σz/σ⊥.
For different geometries of the probe beam and ensemble, we numerically solve
the equations of motion for the mean spin waves and the spin wave covariances to
obtain the squeezing parameter. The infinite set of differential equations describing
the evolution of the ensemble observables are truncated at some transverse mode
pmax, lmax once convergence in the set of numerical solutions is achieved. To define
the region of maximum mode matching, we also solve for ODeff for different probe and
ensemble geometries. The ODeff is determined through the formula in Eq. (8.20),
where the beam area A = piω20/2 for the Gaussian probe. Note that unlike the spin
squeezing, the effective optical density is a purely geometric quantity.
8.6.1 Ensemble Geometry and Optical Pumping
First, we examine how the geometry of the ensemble affects decoherence due to
optical pumping. We focus on the case where the ensemble is prepared in an SCS
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for f = 1/2. Figure 8.1 shows the dynamics of various spin wave observables for
two different ensemble geometries with fixed ODeff = 50 and ω0 = 20µm. To obtain
a fixed optical density at different cloud geometries, we vary η0, the peak density
of the Gaussian density function in Eq. (8.9). Because the effective optical density
is held constant, the strength of the coherent squeezing interaction is identical for
each of the ensemble geometries. The effect of decoherence on the different ensemble
geometries solely accounts for the discrepancies in the behavior of the observables
depicted in Fig. 8.1. Figure 8.1 (a) shows the squeezing generated for an ensemble
with a “pancake” geometry (AR = .1) and an ensemble with a “pencil” geometry
(AR = 316). In this plot, the pencil geometry generates substantially more squeezing
than the pancake. For reference, the squeezing generated by QND measurement in
the absence of decoherence is also depicted. Because the magnitude of this squeezing
depends only upon the size of the fixed ODeff, it represents the squeezing generated by
either ensemble geometry in absence of decoherence. By comparing the performance
of both geometries to the solution without decoherence, it is evident that the pancake
geometry is far more susceptible to decoherence due to optical pumping.
To explain the relative robustness of the pencil geometry to optical pumping as
compared to the pancake, we also examine the dynamics of the fundamental spin
wave variance and mean spin wave for these geometries. Fig. 8.1 (b) shows that the
behavior of the fundamental spin wave variance for the pancake and pencil geometries
is comparable. There is a substantial difference in the decay of the fundamental mean
spin wave for these geometries, however, as shown in Fig. 8.1 (c). The faster decay
of the mean spin for the pancake geometry explains its poor performance compared
to the pencil. The mean spin of the pencil decays more favorably because a larger
fraction of the atoms are spread out longitudinally, far from the beam waist. Because
of the reduced probe intensity farther away from the beam waist, these atoms have a
lower rate of optical pumping. To achieve the same ODeff in the pancake geometry,
the atoms must be concentrated at the waist, where they are more likely to undergo
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optical pumping. Consequently, the pancake is much more susceptible to optical
pumping.
Figure 8.1: Ensemble observables as a function of time for different ensemble
geometries, fixed ODeff = 50 and fixed beam waist ω0 = 20µm. (a) Squeezing
versus time for an ensemble with AR = 0.1 (green solid line) and AR = 316 (red
dashed line). Also shown are the dynamics of the squeezing without decoherence
(black dotted line). (b) The fundamental spin wave variance, normalized by
N
(2)
eff /4, versus time for AR = 0.1 (green solid line), AR = 316 (red dashed
line) and without decoherence (black dotted line). (c) Fundamental mean spin,
normalized by N
(1)
eff /2, versus time for AR = 0.1 (green solid line) and AR = 316
(red dashed line).
8.6.2 Optimal Ensemble and Beam Geometries for Fixed
Atom Number
In the previous section, we analyzed the effect of the ensemble geometry on the
squeezing of the fundamental spin wave. We now investigate optimal geometries
of both the ensemble and the beam for a fixed atom number, peak intensity and
ensemble volume. The number of atoms and peak intensity are held constant at
NA = 9.8× 106 and η0 = 5× 1011cm−3 , respectively. Figure 8.2 (a) shows contours
of peak squeezing as a function of the aspect ratio and the beam waist for a f = 1/2
ensemble initially prepared in an SCS. The maximum value of the peak squeezing,
ζ−1m = 10.0 dB, occurs at AR = 256 at a beam waist of w0 = 31 µm. The ensemble
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geometry is a pencil at the maximum peak squeezing with its length extending over
several Rayleigh ranges, σz/z
opt
R = 2.42. The transverse width of the cloud at the
maximum is slightly larger than the beam waist with σ⊥/w
opt
0 = 1.09.
To understand the optimal region for squeezing, we plot similar contours of ODeff
as a function of the aspect ratio and the beam waist in Fig. 8.2 (b). Comparison of
Figs. 8.2 (a) and (b) shows that the maximum peak squeezing occurs in a region of
high effective optical density, but does not perfectly coincide with the maximum of
ODeff. Because the effective optical density quantifies the strength of the coherent
squeezing interaction, this discrepancy is due to decoherence. The maximum peak
squeezing occurs in a region where the beam waist is smaller than in the region
of maximum ODeff. Maximum squeezing occurs at smaller beam waists because the
region of the beam with greatest intensity, the Rayleigh range, is smaller. Because the
scattering rate γs(r) is proportional to the local intensity, atoms outside the Rayleigh
range experience a decreased rate of optical pumping. Although a smaller Rayleigh
range implies a decreased ODeff, the reduction of the decoherence rate dominates in
this regime. This is a direct analogy to Sec. 8.6.1, in which pencil-shaped clouds
were more robust to decay due to a large number of atoms farther away from the
beam waist.
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Figure 8.2: Contours of (a) peak squeezing for f = 1/2 and (b) ODeff as a
function of the aspect ratio of the ensemble and the beam waist of the probe. The
ensemble is prepared in a SCS. Note that the effective optical density depends
only upon the ensemble and probe geometries, making it independent of the
spin size f . For both plots, the volume of the cloud and total atom number,
NA = 9.84 × 106, are held constant. The maximum peak squeezing achieved in
(a) is ζ−1m = 10.0 dB, occurring at AR = 256 and ω0 = 31µm.
The equations of motion for spin wave observables of ensembles with f ≥ 1/2
are derived in Appendix B. In Fig. 8.3, we show a preliminary result related to the
higher spin case. This figure plots contours of peak squeezing as a function of the
aspect ratio and the beam waist for a f = 4 ensemble initially prepared in an SCS.
Like the f = 1/2 case described above, the number of atoms and the peak intensity
are held constant at NA = 9.8×106 and η0 = 5×1011cm−3 , respectively. The volume
of the cloud is also fixed. For f = 4, the maximum peak squeezing is ζ−1m = 7.8 dB,
which is smaller than the maximum when f = 1/2. This occurs because the coupling
strength between the light and ensemble, quantified by ξparax in Eq. (8.14), decreases
with increasing f . The maximum for f = 4 occurs at AR = 300, which is a pencil,
similar to the optimal geometry for f = 1/2. Also like f = 1/2, the beam waist of
the maximum squeezing, ω0 = 28µm, is smaller than the beam waist of maximum
ODeff.
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Figure 8.3: Peak squeezing for an f = 4 ensemble prepared in an SCS. Contours
of the peak squeezing are plotted as a function of the aspect ratio of the ensemble
and the beam waist of the probe. Like the contour plots in Fig. 8.2, the volume
of the cloud and total atom number, NA = 9.84 × 106, are held constant. The
maximum peak squeezing is ζ−1m = 7.8 dB, occurring at AR = 300 and ω0 =
28µm, as indicated by the “x”.
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Chapter 9
Conclusion and Outlook
This dissertation explores how internal spin control affects spin squeezing and deco-
herence in large ensembles of alkali atoms with hyperfine spin f . While most studies
of spin squeezing in atomic ensembles have been restricted to the f = 1/2 case, we
demonstrate that higher spin atoms offer substantial advantages. First, the number
of internal degrees of freedom is greater, offering numerous options for internal spin
control. By using internal spin control to prepare the ensemble in states with larger
projection noise, we can enhance the entangling power of the Faraday interaction
when f > 1/2. Post-processing via internal spin control converts this increased in-
teratomic entanglement into metrologically relevant spin squeezing. Post-processing
can also squeeze the internal spin of the atoms, producing gains in spin squeezing
that increase with f . Higher spin atoms also offer advantages due to their robustness
to decoherence. Transfers of coherence can preserve interatomic entanglement under
optical pumping when f > 1/2. Harmful optical pumping processes, such as spin
flips, are also suppressed at larger f . The initial state preparation of the ensemble
determines the enhancement in the entangling power of the Faraday interaction and
the susceptibility of the ensemble to optical pumping. For the appropriate choice of a
fiducial state, higher spin atoms outperform f = 1/2, even in absence of internal spin
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squeezing. The peak squeezing achieved by the optimization protocol in Chapter 7
occurs for f = 2, rather than f = 1/2.
In this dissertation, we have also introduced new ways of modeling dissipative
dynamics in large atomic ensembles. Even for large f , we have shown that restrict-
ing the hyperfine spin of each atom to an embedded qutrit captures the ensemble
dynamics relevant to spin squeezing and optical pumping. For certain fiducial states,
we have shown that the multilevel Holstein-Primakoff approximation can be modi-
fied to accommodate dissipative dynamics. For these fiducial states, the ensemble
of embedded qutrits becomes a Gaussian state on two effective bosonic modes. We
formulate optical pumping as a update on the covariance matrix of the Gaussian
ensemble state. Using the covariance matrix update formalism, optical pumping can
be easily combined with coherent squeezing dynamics. For any fiducial state, the
combined effects of squeezing by QND measurement and optical pumping can be
modeled on the ensemble through a Stochastic master equation. Using the SME,
we derive a system of differential equations describing the ensemble observables rel-
evant to spin squeezing. The squeezing parameter can by optimized through these
differential equations to reveal fiducial states that maximize spin squeezing.
These computational methods can also be extended to the case of a three-
dimensional atomic ensemble interacting with a paraxial probe beam. This enables
us to obtain parameter regimes that maximize mode matching and spin squeezing in
the presence of optical pumping. This is the first treatment of optical pumping in a
three dimensional atom-light interface.
9.1 Future Directions
There are several future directions for the research presented in this dissertation.
A natural project to pursue relates to Chapter 7, in which we found fiducial states
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that optimize the squeezing generated by QND measurement. Because we have
not studied the landscape of the squeezing parameter as a function of time and
the fiducial state, we cannot assert that the states we obtain via numerical search
are global optima. A detailed study of the optimization landscape of the squeezing
parameter can determine whether these states are global optima and, if not, the states
that are. Extending the optimization procedure to squeezing protocols besides QND
measurement would also be useful. The optimization procedure requires expressing
a squeezing protocol in differential form, which is not accomplished as easily for
the double pass protocols. An expression for the double pass squeezing protocols in
differential form would also be valuable for the three-dimensional atom light interface
presented in Chapter 8, since we solve for the evolution of the spin wave observables
using a truncated set of differential equations.
Another possible extension of this work concerns generating spin squeezing suited
for particular metrological applications, such as atomic clocks. The Wineland squeez-
ing parameter that we have used to quantify squeezing throughout this text was
originally proposed in the context of Ramsey spectroscopy for atomic clocks. The
precision of an atomic clock is dictated by the fluctuations in the measured frequency,
∆ω = ∆Jz/
〈
Jˆx
〉
. Here, J is a collective spin composed of two level systems or qubits
with energy splitting ~ω0, where ω0 is the clock frequency. When the collective spin
is composed of qudits, ∆ω2 is equivalent to the angular resolution ∆φ2 presented
in Eq. (2.12), which determines the squeezing parameter. Atomic clocks composed
of alkali ensembles typically treat each atom as a qubit formed by the clock states
| f±,m = 0 〉, where f± are the angular momenta of the ground hyperfine mani-
folds. The frequency resolution can be improved by squeezing the collective spin J,
which is composed of the “clock qubits”. Many protocols create squeezing in atomic
clocks by probing on the clock transition of the atoms, | f−,m = 0 〉 → | f+,m = 0 〉
[45, 46, 47]. Using internal spin control, we can prepare each atom in the ensemble in
any fiducial state | ↑ 〉 in the f manifold. A squeezing protocol based on the Faraday
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interaction can create squeezing in the ensemble of embedded qubits consisting of
the fiducial state and coupled state, | ↓ 〉. Internal spin control can then be used to
map the fiducial and coupled states to the clock states, | ↑ 〉 → | f+,m = 0 〉 and
| ↓ 〉 → | f−,m = 0 〉. For some choice of fiducial state, can this protocol generate
more squeezing than probing directly on the clock transition? This is another avenue
for investigation.
Lastly, the continuous tomography protocol described Refs. [48] and [49] can
reconstruct the spin state of an alkali atom prepared in one of the ground hyperfine
manifolds. This is accomplished by evolving an ensemble of identical alkalis through
a set of informationally complete observables by internal spin control while the en-
semble simultaneously undergoes QND measurement. Rather than reconstructing
the state of a single alkali atom i, finding a way to reconstruct the second order
correlation functions
〈
∆fˆ (i)z ∆fˆ
(j)
z
〉
i 6=j (9.1)
would offer a novel way of measuring spin squeezing and other phenomena related to
interatomic entanglement in the ensemble. Because Eq. (9.1) depends upon covari-
ances between the qutrit operators in Sec. 6.1, the differential methods presented in
this dissertation might be a natural way of reconstructing the second order correla-
tion function. Tracking the evolution of the covariances under QND measurement,
control and optical pumping requires that we use a basis of fiducial, coupled and
transfer states that evolve with the internal spin control Hamiltonian. This ensures
that the populations remain approximately c-numbers and that the Gaussian ap-
proximation used to derive the equation of motion for the covariances under QND
measurement in Eq. (7.15) remains valid. The internal spin control Hamiltonian,
however, cannot be expressed in the basis of fiducial, coupled and transfer states for
f > 1. Finding the complete evolution of the covariances requires some adaptation
of the procedure.
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Appendix A
Optical Pumping Update Matrices
In Sec. 6.4, we derived the updates on the covariance matrix and populations of the
atomic ensemble describing the effects of optical pumping. Here, we list the specific
updates for the SCS, cat and mx = 0 preparations that were used in the numerical
simulations presented in Sec. 6.7.
For the SCS, the update on the populations is
Jγ = I+ γs∆t
−16 112f
1
12f
−3f2+2f−1
18f2
 (A.1)
and the update on the covariance matrix is given by
MAγ = I + (A.2)
γs∆t

−6f+136f 0
√
f(2f−1)
12f2
0
0 −2f+112f 0
√
f(2f−1)
12f2√
f(2f−1)
12f2
0 −6f2+4f−3
36f2
0
0
√
f(2f−1)
12f2
0 −6f2+8f−5
36f2

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and
NAγ = γs∆tN↑SCS

8f+5
72f
0 −
√
f(2f−1)
24f2
0
0 4f+6
36f
0 −
√
f(2f−1)
24f2
−
√
f(2f−1)
24f2
0 1
24f
0
0 −
√
f(2f−1)
24f2
0 1
24f
 (A.3)
+γs∆tN↓SCS

8f2−3f+4
72f2
0 −
√
f(2f−1)
12f2
0
0 2f
2+f+1
18f2
0 −
√
f(2f−1)
12f2
−
√
f(2f−1)
12f2
0 6f
2+10f−7
72f2
0
0 −
√
f(2f−1)
12f2
0 6f
2+18f−11
72f2
 . (A.4)
For the cat, the populations evolve via
Jγ = I+ γs∆t
−29 19
1
9
−2
9
 (A.5)
and the update on the covariance matrix is given by the matrices
MAγ = I+ γs∆t
−19 0
0 −1
3
 (A.6)
and
NAγ = γs∆t(N↑cat +N↓cat)
 118 0
0 5
18
 . (A.7)
For the mx = 0 preparation, the update on the populations is
Jγ = I+ γs∆t
−29 f+118f
f+1
18f
−2
9
 . (A.8)
The update on the covariance matrix is given by the maps
MAγ = I+ γs∆t× (A.9) −
3f−1
18f
0 1
18f2
√
f(f+1)(f−1)(f+2)
2
0
0 − 5f+1
18f
0 1
18f2
√
f(f+1)(f−1)(f+2)
2
1
18f2
√
f(f+1)(f−1)(f+2)
2
0 − 7f2−f+2
36f2
0
0 1
18f2
√
f(f+1)(f−1)(f+2)
2
0 − 9f2+f−2
36f2

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and
NAγ = γs∆tN↑0× (A.10)
3f−1
36f
0 − 1
36f2
√
f(f+1)(f−1)(f+2)
2
0
0 7f+3
36f
0 − 1
36f2
√
f(f+1)(f−1)(f+2)
2
− 1
36f2
√
f(f+1)(f−1)(f+2)
2
0 f+1
36f
0
0 − 1
36f2
√
f(f+1)(f−1)(f+2)
2
0 f+1
36f

+ γs∆tN↓0×
3f−1
36f
0 − 1
18f2
√
f(f+1)(f−1)(f+2)
2
0
0 7f+3
36f
0 − 1
18f2
√
f(f+1)(f−1)(f+2)
2
− 1
18f2
√
f(f+1)(f−1)(f+2)
2
0 7f
2−f+2
72f2
0
0 − 1
18f2
√
f(f+1)(f−1)(f+2)
2
0 11f
2+3f−6
72f2
.
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Appendix B
Spin Wave Equations of Motion
Presented in the text were the equations of motion for the means and covariances
of the spin waves in the case of f = 1/2. Here, we generalize to the case of f >
1/2 by deriving equations of motion for the means and covariances of the “pseudo
spin waves” and “effective populations”. These are the spin wave analogues of the
operator basis defined in Eqs. (6.10) through (6.18). Through the equations of
motion for the first and second order moments of this spin wave operator basis, we
can solve for the variance and mean of the fundamental spin wave.
B.1 First Order Spin Wave Operators
To begin, we turn our attention to the evolution of the first order spin waves un-
der optical pumping. The master equation describing the evolution of the density
operator, ρˆ(i), of a single atom takes the form
dρˆ(i)
dt
∣∣∣
op
= γs(ri)D(i)(ρˆ). (B.1)
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From Eq. (B.1), the equation of motion for the expectation value of a first order
spin wave operator Oˆpl =
∑
i βpl(ri)oˆ
(i) under optical pumping is
d
dt
〈
Oˆpl
〉∣∣∣
op
= γs
∑
i
β00(ri)βpl(ri)
〈D(i)(oˆ(i)〉). (B.2)
As in the f = 1/2 case, we can make use of Eq. (8.34) and the projection coefficients
in Eq. (8.35) to write this expression as
d
dt
〈
Oˆpl
〉∣∣∣
op
= γs
∑
i,p′,l′
cplp′l′(zi)βp′l′(r⊥i, zi)
〈D(i)(oˆ(i)〉). (B.3)
Because the projection coefficients depend upon the longitudinal coordinate z, the
right hand side of this expression cannot be written in terms of spin wave operators
like the left hand side.
To place the right hand and left hand sides of Eq. (B.3) on similar footing, we
again coarse grain the ensemble into longitudinal slices of thickness δz centered at
coordinates zk. Corresponding to each slice is a coarse-grained spin wave operator,
defined as
Oˆpl(zk) =
∑
ik
βpl(r⊥ik , zk)oˆ
(ik), (B.4)
where the index ik is summed over each atom contained in the slice k centered at
zk. Because of the small longitudinal width of the slices, the mode functions at each
atom ik are approximately upl(r⊥ik , zk). When each side of the equation is projected
onto the slice k, Eq. (B.3) becomes
d
dt
〈
Oˆpl(zk)
〉∣∣∣
op
= γs c
pl
p′l′(zk)
∑
ik, p′,l′
βp′l′(r⊥ik , zk)
〈D(ik)(oˆ(ik)〉). (B.5)
Note that the right hand side of this expression is a sum of spin wave operators on
different transverse modes, but all in the same slice k. This equation of motion for
a spin wave operator in slice k can be used to solve for first order moments of any
spin wave. The spin wave is retrieved from the coarse-grained operators by summing
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over all slices of the ensemble,
〈
Oˆpl
〉
=
∑
k
〈
Oˆpl(zk)
〉
. (B.6)
We now apply the equation of motion for a coarse-grained spin wave operator to
solve for the mean spin wave
〈
Fˆ 00x
〉
, which appears in the definition of the paraxial
squeezing parameter. We first define the effective populations,
Nplψ =
∑
i
βpl(ri)nˆ
(i)
ψ , (B.7)
where nˆψ = |ψ 〉〈ψ | for ψ ∈ {↑, ↓, o}. These parameters represent the effective
number of atoms in the internal state |ψ 〉 that are radiating into the transverse
mode pl. Like the populations in the plane wave case, the effective populations have
small variances compared to the other ensemble observables and can be treated as
c-numbers. Similar to the plane wave case, the mean spin wave can be written in
terms of the effective populations in the fiducial, coupled and coherence states as
〈
Fˆ 00x
〉
= N00↑
〈
fˆx
〉
↑ +N
00
↓
〈
fˆx
〉
↓ +N
00
o
〈
fˆx
〉
o. (B.8)
To find the evolution of the effective populations, we replace Oˆpl(zk) in Eq. (B.5)
with the effective population Nplψ (zk) in slice k. Utilizing the qutrit operator basis
defined in Eqs. (6.1) through (6.9), the evolution of the effective population in slice
k becomes
d
dt
Nplψ (zk)
∣∣∣
op
= γs c
pl
p′l′(zk)
∑
p′,l′
[Tr(D(nˆψ)nˆ↑)Np′l′↑ (zk) (B.9)
+Tr(D(nˆψ)nˆ↓)Np′l′↓ (zk) + Tr(D(nˆψ)nˆo)Np
′l′
o (zk)].
As in the plane wave case, we have discarded projections onto the basis elements xˆ↓↑,
yˆ↓↑, xˆo↓, yˆo↓, xˆ↑o and yˆ↑o, since the means of the corresponding “collective pseudo spin
waves” are negligible compared to the effective populations. Together, the equations
of motion for Npl↑ (zk), N
pl
↓ (zk) and N
pl
o (zk) form a set of differential equations that
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couple effective populations in slice k to one another. Because an effective population
in the transverse mode pl is coupled to effective populations in all other transverse
modes p′l′, the number of differential equations is infinite. The projection coefficients
cplp′l′(zk) decrease as the difference grows between pl and p
′l′, however. Because we
are ultimately concerned with the behavior of spin waves in the fundamental mode,
we can truncate the set of differential equations at some finite p′l′ once convergence
is achieved in the observables for which pl = 00.
Similar to the populations in the plane wave case, the effective populations are
negligibly affected by QND measurement. Therefore, the equation of motion due
to optical pumping in Eq. (B.9) provides a complete description of the effective
population dynamics. After truncating these equations at a finite transverse mode
p′l′, solving them requires only the initial conditions for the coarse grained effective
populations. For an initial ensemble state with each atom prepared in | ↑ 〉, these
values take a form similar to Eq. (8.39),
Nplψ (zk, t = 0) =
∑
ik
βpl(rik)〈 ↑ |nˆψ| ↑ 〉 (B.10)
= δz
∫
d2r⊥η(r⊥, zk)βpl(r⊥, zk)〈 ↑ |nˆψ| ↑ 〉. (B.11)
The last equality in this expression arises from treating the ensemble as a contin-
uous density distribution. Note that, with the exception of Npl↑ (zk), all effective
populations in slice k are initially zero at t = 0. The initial conditions enable us
to numerically solve the set of differential equations for the effective populations in
every slice. We determine the effective populations in the fundamental mode by
summing over all longitudinal slices, N00ψ (t) =
∑
kN
00
ψ (zk, t). The mean spin,
〈
Fˆ 00x
〉
,
can then be obtained via Eq. (B.8).
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B.2 Second Order Spin Wave Operators
We next consider the evolution of second order covariances of the spin wave operators.
In particular, we focus upon the dynamics of the fundamental spin wave variance,
(∆F 00z )
2, which appears in the paraxial squeezing parameter. Like the effective
populations, we decompose (∆F 00z )
2 into spin waves in longitudinal slices,
(∆F 00z )
2 =
∑
k,k′
〈
∆Fˆ 00z (zk)∆Fˆ
00
z (zk′)
〉
. (B.12)
Similar to Fˆz in the plane wave case, the fundamental spin wave can be written as
the sum of “collective pseudo spin waves”,
Fˆ 00z (zk) = v(↑)Xˆ00↓↑ (zk) + w(↑)Xˆ00o↓ (zk). (B.13)
Here, v(↑) and w(↑) are given in Eqs. (6.22) and (6.23). For arbitrary spatial modes,
the collective pseudo spin waves take the form
Xˆpl↓↑ =
∑
i
βpl(ri)xˆ
(i)
↓↑ (B.14)
Yˆ pl↓↑ =
∑
i
βpl(ri)yˆ
(i)
↓↑ (B.15)
Xˆplo↓ =
∑
i
βpl(ri)xˆ
(i)
o↓ (B.16)
Yˆ plo↓ =
∑
i
βpl(ri)yˆ
(i)
o↓ (B.17)
Xˆpl↑o =
∑
i
βpl(ri)xˆ
(i)
↑o (B.18)
and
Yˆ pl↑o =
∑
i
βpl(ri)yˆ
(i)
↑o , (B.19)
where xˆ↓↑, yˆ↓↑, xˆo↓, yˆo↓, xˆ↑o and yˆ↑o are the qutrit basis operators defined in Eqs. (6.1)
through (6.9). In terms of the pseudo spin waves, each covariance on the right hand
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side of Eq. (B.12) becomes,
〈
∆Fˆ 00z (zk)∆Fˆ
00
z (zk′)
〉
= v(↑)2〈∆Xˆ00↓↑ (zk)∆Xˆ00↓↑ (zk′)〉S (B.20)
+v(↑)w(↑)
(〈
∆Xˆ00↓↑ (zk)∆Xˆ
00
o↓ (zk′)
〉
S
+
〈
∆Xˆ00o↓ (zk)∆Xˆ
00
↓↑ (zk′)
〉
S
)
+w(↑)2〈∆Xˆ00o↓ (zk)∆Xˆ00o↓ (zk′)〉S.
Solving for the variance of the fundamental spin wave becomes a matter of determin-
ing the variances and covariances between collective pseudo spin waves. We, thus,
seek to derive the equations of motion for the covariances
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
,
where θ, θ′ ∈ {↓↑, o↓}.
Determining the evolution of the covariances under optical pumping requires the
equation of motion for the density operator of any two atoms i and j,
d
dt
ρˆ(i,j)
∣∣∣
op
= γs(ri)Di(ρˆ(i,j)) + γs(rj)Dj(ρˆ(i,j)). (B.21)
This expression arises from restricting the sum in the full master equation in Eq.
(8.25) to two indices. Using the equations of motion for ρˆ(i,j) and ρˆ(i) in Eq. (8.31)
and Eq. (8.44), we determine the dynamics of the covariance
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
through a procedure similar to Sec. 6.2.2. The equation of motion for the quadrature
covariance becomes
d
dt
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
∣∣∣
op
= (B.22)
γs
∑
ik
β00(rik)βpl(rik)
〈
∆D(ik)(xˆ(ik)θ )∆Xˆp
′l′
θ′ (zk′)
〉
S
+ γs
∑
ik′
β00(rik′ )βp′l′(rik′ )
〈
∆Xˆplθ (zk)∆D(ik′ )(xˆ(ik′ )θ′ )
〉
S
+ δk,k′γs
∑
ik
β00(rik)βpl(rik)βp′l′(rik)
〈N (xˆ(ik)θ , xˆ(ik)θ′ )〉.
The first two terms in this expression depend upon covariances between pseudospin
wave operators. The third term, depending upon first order spin wave operators, is
the paraxial analogue to the noise term in the plane wave case, given in Eq. (6.35).
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The equation of motion for the covariance can be simplified by utilizing the basis
of Gaussian mode functions. We first simplify the noise term through the mode
function decomposition
β00(r⊥, z)βpl(r⊥, z)βp′l′(r⊥, z) =
∑
p′′l′′
Gplp
′l′
p′′l′′ (z)βp′′l′′(r⊥, z) (B.23)
where the projection coefficient Gplp
′l′
p′′l′′ (z) is defined as
Gplp
′l′
p′′l′′ (z) =
∫
d2r⊥up′′l′′(r⊥, z)u00(r⊥, z)βpl(r⊥, z)βp′l′(r⊥, z). (B.24)
By substituting the projection coefficients Gplp
′l′
p′′l′′ (z) and C
pl
p′l′(z) from Eq. (8.35) into
the equation of motion, we obtain
d
dt
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
∣∣∣
op
= (B.25)
γs
∑
ik, p′′,l′′
Cplp′′l′′(zk)βp′′l′′(r⊥ik , zk)
〈
∆D(ik)(xˆ(ik)θ )∆Xˆp
′l′
θ′ (zk′)
〉
S
+γs
∑
ik′ , p′′,l′′
Cp
′l′
p′′l′′(zk′)βp′′l′′(r⊥ik′ , zk′)
〈
∆Xˆplθ (zk)∆D(ik′ )(xˆ (ik′ )θ′ )
〉
S
+γs δk′,k
∑
ik, p′′,l′′
Gplp
′l′
p′′l′′ (zk)βp′′l′′(r⊥ik , zk)
〈N (xˆ(ik)θ , xˆ(ik)θ′ )〉.
Expressing the spin wave covariances in terms of the collective pseudo spin waves
us to again take advantage of the qutrit operator basis in Eqs. (6.1) through (6.9).
By decomposing the internal spin operators in this basis, we can rewrite the equation
of motion in terms of collective pseudo spin waves and effective populations,
d
dt
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
∣∣∣
op
= (B.26)
γs
∑
p′′, l′′
∑
Xˆ∈S
Cplp′′l′′(zk) Tr (D(xˆθ)xˆ)
〈
∆Xˆp
′′l′′(zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
+γs
∑
p′′, l′′
∑
Xˆ∈S
Cp
′l′
p′′l′′(zk′) Tr (D(xˆθ′ )xˆ)
〈
∆Xˆplθ (zk)∆Xˆ
p′′l′′(zk′)
〉
S
+γs δk′,k
∑
p′′, l′′
∑
ψ∈{↑, ↓, o}
Gplp
′l′
p′′l′′ (zk) Tr (N (xˆθ, xˆθ′) nˆψ)Np
′′l′′
ψ (zk),
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where Xˆpl =
∑
i βpl(r)xˆ
(i) and S = {Xˆ↓↑, Yˆ↓↑, Xˆo↓, Yˆo↓, Xˆ↑o, Yˆ↑o}. Similar to the equa-
tion of motion for the covariance in the plane wave case, given in Eq. (6.36), the
operator Xˆ only takes the values of the pseudo spin waves, since the effective pop-
ulations are approximated as c-numbers. As in the plane wave case, the noise term
can be written entirely in terms of effective populations in slice k, since the means of
the collective pseudo spin waves are negligible by comparison. Note that because the
noise term is a first order operator, it is nonzero only in the case when the collective
pseudo spin waves Xˆplθ (zk) and Xˆ
p′l′
θ′ (zk′) are defined on the same slice, i.e. k = k
′.
When the ensemble is prepared in the SCS, cat, or mx = 0 state preparations,
the equation of motion for the covariance
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
simplifies substan-
tially. For these state preparations, Tr (D(xˆθ)xˆ) = 0 when Xˆ ∈ {Yˆ↓↑, Yˆo↓, Xˆ↑o, Yˆ↑o}.
The covariances
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
are, thus, coupled only to other covariances
of the form
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
. The equation of motion becomes,
d
dt
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
∣∣∣
op
= (B.27)
γs
∑
p′′, l′′
Cplp′′l′′(zk)(Tr(D(xˆθ)xˆ↓↑)
〈
∆Xˆp
′′l′′
↓↑ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
+ Tr(D(xˆθ)xˆo↓)
〈
∆Xˆp
′′l′′
o↓ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
)
+ γs
∑
p′′, l′′
Cp
′l′
p′′l′′(zk′)(Tr(D(xˆθ′)xˆ↓↑)
〈
∆Xˆplθ (zk)∆Xˆ
p′′l′′
↓↑ (zk′)
〉
S
+ Tr(D(xˆθ′)xˆo↓)
〈
∆Xˆplθ (zk)∆Xˆ
p′′l′′
o↓ (zk′)
〉
S
)
+ γs δk′,k
∑
p′′, l′′
∑
ψ∈{↑, ↓, o}
Gplp
′l′
p′′l′′ (zk) Tr(N (xˆθ, xˆθ′)nˆψ)Np
′′l′′
ψ (zk).
This equation couples all covariances
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
in slices k and k′ to
one another. In the event that k = k′, the covariances are also coupled to the
effective populations in slice k. Because each covariance is coupled to infinitely many
covariances in the transverse modes p′′l′′, the equation of motion must be truncated
at a finite p′′l′′ like the equation of motion for the effective populations in Eq. (B.9).
After this step, the covariances
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
are related to the effective
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populations and eachother by a set of closed differential equations.
We now examine the evolution of the covariances
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
under
QND measurement. When the ensemble is prepared in the SCS, cat, or mx = 0 state
preparations, the collective pseudospin waves Xˆpl↓↑(zk) and Xˆ
pl
o↓ (zk) approximately
commute with the spin waves along z, as shown in Sec. 6.3.1. As a result, these
collective pseudospin waves are unaffected by the Lindblad dissipator in Eq. (8.29).
Because of this, we need only consider the effect of measurement backaction upon the
covariances, which is given by the superoperator H00 in Eq. (8.28). The evolution
of the covariances under QND measurement is
d
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
∣∣∣
QND
= (B.28)√
κ
16
〈
H00
(
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′) + ∆Xˆ
p′l′
θ′ (zk′)∆Xˆ
pl
θ (zk)
)〉
−
√
κ
4
〈H00(Xˆplθ (zk))〉〈Xˆp′l′θ′ (zk′)〉
−
√
κ
4
〈
Xˆplθ (zk)
〉〈H00(Xˆp′l′θ′ (zk′))〉
− κ
4
〈H00(Xˆplθ (zk))〉〈H00(Xˆp′l′θ′ (zk′))〉.
Note that by the rules of Ito¯ calculus differentials are taken to second order. When
the ensemble is prepared in one of the state preparations discussed in Sec. 3.5.1,
the spin wave Fˆ 00z is approximately Gaussian distributed along with the collective
pseudospin waves Xˆpl↓↑(zk) and Xˆ
pl
o↓ (zk). The third order moments arising in Eq.
(B.28) can, thus, be decomposed in terms of means and covariances via
1
6
∑
perm
〈
OˆAˆQˆ
〉
=
〈
∆Oˆ∆Qˆ
〉
S
〈
Aˆ
〉
+
〈
∆Aˆ∆Qˆ
〉
S
〈
Oˆ
〉
+
〈
∆Oˆ∆Aˆ
〉
S
〈
Qˆ
〉
(B.29)
+
〈
Oˆ
〉〈
Aˆ
〉〈
Qˆ
〉
,
where the sum on the left is taken over all permutations of Gaussian operators Oˆ,
Aˆ and Qˆ. Under the Gaussian approximation, Eq. (B.28) reduces to the relatively
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simple expression
d
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
∣∣
QND
= −κ〈∆Fˆ 00z ∆Xˆplθ (zk)〉S (B.30)
× 〈∆Fˆ 00z ∆Xˆp′l′θ′ (zk′)〉S dt.
After writing ∆Fˆ 00z in terms of spin waves, this expression becomes
d
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
∣∣
QND
= (B.31)
−κ
∑
k′′,k′′′
(
v(↑)〈∆Xˆ00↓↑ (zk′′)∆Xˆplθ (zk)〉S + w(↑)〈∆Xˆ00o↓ (zk′′)∆Xˆplθ (zk)〉S)
×
(
v(↑)〈∆Xˆ00↓↑ (zk′′′)∆Xˆp′l′θ′ (zk′)〉S + w(↑)〈∆Xˆ00o↓ (zk′′′)∆Xˆp′l′θ′ (zk′)〉S) .
a nonlinear differential equation that couples covariances between collective pseu-
dospin waves in every slice with one another.
The full equation of motion for the covariances is comprised of the contributions
from QND measurement in Eq. (B.31) and optical pumping in Eq. (B.27) ,
d
dt
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
=
d
dt
〈
∆Xˆpl(zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
∣∣∣
QND
(B.32)
+
d
dt
〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
S
∣∣∣
op
.
When combined with the equation of motion for the effective populations in Eq.
(B.9), we obtain a closed set of differential equations coupling the covariances and
the effective populations. Along with the initial conditions of the coarse-grained
effective populations in Eq. (B.10), the initial conditions of the collective pseudospin
wave covariances in all slices are required to solve this set. The initial conditions for
the coarse-grained covariances are given by〈
∆Xˆplθ (zk)∆Xˆ
p′l′
θ′ (zk′)
〉
(t = 0) (B.33)
= δk,k′
δz
2
∫
d2r⊥βpl(r, zk)βp′l′(r, zk)〈 ↑ |(∆xˆθ∆xˆθ′ + ∆xˆθ′∆xˆθ)| ↑ 〉.
The coarse grained covariances and effective populations enable us to solve for the
fundamental spin wave variance and the fundamental mean spin that determine the
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paraxial squeezing parameter. As in the plane wave case, the spin wave squeezing
resulting from QND measurement can be enhanced by post-processing. Applying
the post-processing partial isometry Uˆ↑′ , introduced in Eq. (6.81), transforms the
fundamental spin wave variance as
(∆F 00z )
2 = v(↑′)2
∑
k,k′
〈
∆Xˆ00↓↑ (zk)∆Xˆ
00
↓↑ (zk′)
〉
S
(B.34)
+v(↑′)w(↑′)
∑
k,k′
(〈
∆Xˆ00↓↑ (zk)∆Xˆ
00
o↓ (zk′)
〉
S
+
〈
∆Xˆ00o↓ (zk)∆Xˆ
00
↓↑ (zk′)
〉
S
)
+w(↑′)2
∑
k,k′
〈
∆Xˆ00o↓ (zk)∆Xˆ
00
o↓ (zk′)
〉
S
and the fundamental mean spin as
〈
Fˆ 00x
〉
=
∑
k
(
N00↑ (zk)
〈
fˆx
〉
↑′ +N
00
↓ (zk)
〈
fˆx
〉
↓′ +N
00
o (zk)
〈
fˆx
〉
o′
)
. (B.35)
By substituting these this quantities into the definition for the paraxial squeezing
parameter in Eq. (8.24), we can quantify the effectiveness of squeezing by QND
measurement on this inhomogeneous system with f > 1/2.
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